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Abstract. We study pointwise and Lp gradient estimates of the heat
kernel, on manifolds that may have some amount of negative Ricci cur-
vature, provided it is not too negative (in an integral sense) at infinity.
We also study boundedness on Lp spaces for the heat operator e−t
~∆k of
~∆k, the Hodge Laplacian on differential k-forms.
1. Introduction and statement of the results
1.1. Introduction. In their celebrated work [45], P. Li and S. T. Yau
proved that any positive solution u(x, t) of the heat equation on a com-
plete manifold of dimension n with non-negative Ricci curvature satisfies
the following gradient estimate:
|∇u|2
u2
− ut
u
≤ n
2t
. (1.1)
Later on, many works have been devoted to proving inequalities such as
(1.1) in various settings (see the recent [3] for such a result, as well as for
references). In order to obtain an inequality such as (1.1), it is customary to
make a global curvature (or more generally“curvature-dimension”) assump-
tion. The inequality (1.1) has many useful consequences. Among them, are
the Gaussian upper estimates for the heat kernel pt(x, y) and its gradient:
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pt(x, y) ≃ 1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, ∀ t > 0, x, y ∈M, (LY )
and
|∇xpt(x, y)| . 1√
tV (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, , ∀t > 0, ∀x, y ∈M. (G)
While (UE) has been later on characterized in terms of functional inequali-
ties on M (the so-called relative Faber-Krahn inequalities) by A. Grigor’yan
(see [39]), (G) remains more mysterious. For example, using the character-
ization of (UE) in terms of functional inequalities as in [42], one can show
that (UE) holds on a non-parabolic manifold, that is isometric outside a
compact set to a manifold with non-negative Ricci curvature. Such a per-
turbation result for (G) is still currently out of reach. The difficulty lies in
the fact that most probably, there is no simple functional analytic charac-
terization of (G), contrary to (UE). Let us also mention that (G) and (UE)
are known to hold on nilpotent Lie groups endowed with a sub-Laplacian,
thanks to the work of Varopoulos [54].
Beyond the customary assumption of non-negativity of the Ricci curva-
ture, and apart from the case of Lie groups, (G) is known to hold only
in very few cases. Some Lp estimates for the gradient of the heat kernel
have recently been obtained in a quite general setting in [46], but they are
much weaker that (G). Also recently, the question of extending the Li-Yau
gradient inequality (1.1) beyond the non-negative Ricci setting has been
considered in a few papers, e.g. [56], [49], [18, Section 3]. We shall present
the known results in details in Section 1.4 –and compare them with our
own–, but for the purpose of this introduction, let us limit ourselves to indi-
cate some key facts. Typically, in the above-mentionned papers, an integral
bound on the negative part of the Ricci curvature is assumed, and a Li-
Yau gradient inequality is deduced; consequences for the heat kernel and
its gradient then follow. As an example, in [56] the following local uniform
smallness assumption on the negative part of the Ricci curvature is used:
there exists p > n2 such that
sup
x∈M
(
1
V (x, 1)
∫
B(x,1)
||Ric−(y)||p dy
)1/p
< κ,
where κ = κ(p, n) is a small constant and V (x, 1) denotes the volume of
the geodesic ball B(x, 1). Under this assumption on the Ricci curvature, it
is proved in [56, Theorem 1.1], that the following Li-Yau gradient estimate
holds: for every T > 0, there are constants α = α(T, n, κ) and β = β(T, n, κ)
such that, for all positive solution u(x, t) of the heat equation,
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α
|∇u|2
u2
− ut
u
≤ β
t
, t ∈ (0, T ). (1.2)
This easily yields (UE) and (G) for small times, that is for t ∈ (0, T ) (see
[50] for the upper bound of pt(x, y)). The method was subsequently refined
by G. Carron in [18], but it is doomed to fail for proving (G) for large times,
unless one makes a global size restriction on the negative part of Ricci, such
as
sup
x∈M
∫
M
G(x, y)||Ric−(y)|| dµ(y) < 1
16n
, (1.3)
where G(x, y) is the positive, minimal Green function on M (see Section 1.4
for a more detailed explanation of this last statement). Gradient estimates
for the heat kernel under this kind of assumptions actually goes back to
[29], where a different method, that we will present in a moment, has been
employed. However, (1.3) is a very strong assumption. In fact, there is
an inherent limitation in obtaining gradient estimates for the heat kernel
through Li-Yau gradient estimates: namely, that integral bounds on the
negative part of the Ricci curvature are not strong enough to give a control
on the topology of M , more specifically they do not control the number of
ends (unless the bound is small enough as in (1.3), in which caseM has only
one end). However it is known that if M has several Euclidean ends, then
(G) cannot hold, since there is not extra polynomial decay in time when
taking the gradient of the heat kernel (see [20, Proposition 6.1]); while if
M has only one end which is Euclidean, some additional decay in time is
expected. Let us stress that it is far from being clear how to incorporate
this extra topological information in the Li-Yau method.
It turns out that there is another point of view on (G) that has proved
very useful in the last few years: it is the fact that (G) is related to estimates
for the heat kernel of the Hodge Laplacian ~∆ = dd∗ + d∗d on differential
1-forms. According to [27], if Gaussian type upper estimates are available
for both the heat kernel of the scalar Laplacian ∆, and the heat kernel of
the Hodge Laplacian ~∆, then (G) holds. The Hodge Laplacian on 1-forms
has a well-known Bochner formula, which writes:
~∆ = ∇∗∇+Ric,
which allows one to look at ~∆ as a generalized Schro¨dinger operator. The
Bochner formula implies by a standard domination technique that, if the
Ricci curvature is non-negative, then for every smooth, compactly supported
1-form ω and all t ≥ 0,
||e−t~∆ω|| ≤ e−t∆||ω||. (1.4)
In fact, it is possible to show that (1.4) is equivalent to the Ricci curvature
being non-negative. From (1.4), it is also possible to recover the fact that
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(G) holds if the Ricci curvature is non-negative: indeed, the scalar heat
kernel has Gaussian upper-estimates by (UE), hence the domination (1.4)
implies that the heat kernel of ~∆ also has Gaussian estimates, and from
this and (UE) we deduce (G). Hence, a proof of (G) that does not use
strictly speaking the Li-Yau gradient inequality (1.1), only domination and
(UE). Recently, in [33] and later [24], estimates of Gaussian type for the
heat kernel of the Hodge Laplacian on 1-forms have been characterized in
a quite general setting, including manifolds that can have a certain amount
of negative Ricci curvature, provided it is not “too negative at infinity”. On
these manifolds, the estimates of Gaussian type for the heat kernel of the
Hodge Laplacian on 1-forms have been shown to be equivalent to the fact
that KerL2(~∆) = {0}. In particular KerL2(~∆) = {0} is a sufficient condition
for (G) on these manifolds. This result is interesting, because the condi-
tion KerL2(~∆) = {0} can be interpreted in terms of L2 cohomology, which
has a topological/geometrical interpretation in many cases. For example,
in the case M has dimension n ≥ 3 and is asymptotically Euclidean, then
KerL2(~∆) = {0} implies that M has only one end. However, one expects
that the condition KerL2(~∆) = {0} is too strong and that (G) could be
obtained under weaker conditions. In the present article we study the va-
lidity of (G) and other related inequalities under conditions that are weaker
than KerL2(~∆) = {0}. In essentially the same class of manifolds that was
considered in [24], we obtain a general, almost optimal criterion (Theorem
1.11) for the validity of (G). As a consequence of this general criterion, and
as a highlight of our results, let us quote right now the following theorem,
which will be proved at the end of this article:
Theorem 1.1. Let (M,g) be a Riemannian manifold of dimension n > 8,
that is isometric to the cone over a compact, connected manifold (X, g¯) at
infinity. Assume that the Ricci curvature on X is bounded from below by
(n− 2)g¯, and that X is not isometric to the (n− 1)-dimensional Euclidean
sphere. Then, the gradient heat kernel estimates (G) hold on M .
In the case the manifold X is the Euclidean sphere Sn−1, i.e. M is
isometric to the Euclidean space at infinity, we fail to obtain (G), however
we can still prove that (G) “almost holds”. The unnatural restriction n >
8 is needed for technical reasons, to guarantee that L2 harmonic 1-forms
decay fast enough at infinity. Another feature of our approach is that it
is flexible enough to yield estimates for the heat kernel of operators such
as ~∆k, the Hodge Laplacian on k-forms, and actually we will also obtain
sufficient criteria for the uniform boundedness of the heat operator e−t~∆k
on some Lp spaces. We refer to Section 1.3 for a detailed discussion of the
results obtained in this article.
1.2. Preliminaries. After this quick introduction, let us introduce the set-
ting. Once this has been done, our results will be presented in more details,
in the next subsection. Let M be a complete, connected, non-compact
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Riemannian manifold, endowed with a positive measure µ = efν, abso-
lutely continuous with respect to the Riemannian measure ν. We assume
that f is smooth. We denote by ∇ the Riemannian gradient, by ∆µu =
−div(∇u) − 〈∇f,∇u〉 the weighted non-negative Laplace operator. In the
sequel, we will often denote ∆µ simply by ∆, the dependence to the mea-
sure µ being thus implicit. Let d denote the geodesic distance, B(x, r) the
open ball for d with centre x ∈M and radius r > 0, and V (x, r) its volume
µ (B(x, r)).
We will use the notation h . g to indicate that there exists a constant
C (independent of the important parameters) such that h ≤ Cg, h & g if
g . h, and h ≃ g if h . g and h & g.
The weighted manifold (M,d, µ) will be said to satisfy the volume dou-
bling property if
V (x, 2r) . V (x, r), ∀ x ∈M, r > 0. (VD)
It follows easily from (VD) that there exists ν > 0 such that
V (x, r)
V (x, s)
.
(r
s
)ν
, ∀ x ∈M, r ≥ s > 0. (VDν)
It is known (see [38, Theorem 1.1]) that if M is connected, non-compact,
and satisfies (VD), then the following reverse doubling condition holds: there
exists 0 < ν ′ ≤ ν such that, for all r ≥ s > 0 and x ∈M ,
V (x, r)
V (x, s)
&
(r
s
)ν′
. (RDν′)
Let us introduce the following volume lower bound: for some x0 ∈M there
exists κ > 0 such that
V (x0, r) & r
κ, ∀r ≥ 1. (VLκ)
From (VD), clearly this condition does not depend on the choice of x0.
Taking s = 1 in (RDν′) shows that (VLκ) always holds at least for κ = ν
′.
We introduce an hypothesis of uniformity for the volume of balls, that will
be assumed in many results of the paper: there is a constant C > 0 such
that, for all x ∈M , y ∈M , t > 0,
C−1V (y, t) ≤ V (x, t) ≤ CV (y, t). (VU)
If (VU) holds, then one fixes a point x0 ∈M once and for all, and one lets
V (t) := V (x0, t).
The doubling assumption (VD) then implies that for all t > 0,
V (2t) ≤ V (t).
Independently of the validity of (VU), we will denote V√t the operator of
multiplication by the function V (x,
√
t)
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Sometimes, we will in addition assume that (M,d, µ) satisfies the Sobolev
inequality with parameter n > 2, that is
||u|| 2n
n−2
. ||∇u||2, ∀u ∈ C∞0 (M). (Sobn)
Note that n does not have to be equal to the dimension of M . In the
Riemannian case, i.e. when µ is the Riemannian measure, it is known that
n has to be greater or equal to the dimension of M (see [19]) but it may
happen that the inequality be strict.
We now introduce the heat kernel. Let e−t∆ be the heat operator asso-
ciated to ∆, and pt(x, y) its kernel, so that, for any compactly supported
smooth function f on M , there holds:
e−t∆u(x) =
∫
M
pt(x, y)u(y)dµ(y).
It is classical that pt is smooth, positive, satisfies pt(x, y) = pt(y, x), and that
under (VD),
∫
M pt(x, y) dµ(y) = 1 for all x, in other words M is stochasti-
cally complete.
On and off-diagonal estimates of the heat kernel pt(x, y) have been studied
in detail in the past thirty years and are well understood. Let us start by
introducing the on-diagonal estimate:
pt(x, x) .
1
V (x,
√
t)
, ∀ t > 0, ∀x ∈M. (DUE)
Under (VD), (DUE) self-improves into an (off-diagonal) Gaussian upper
estimate ([40, Theorem 1.1], see also [28, Section 4.2]):
pt(x, y) .
1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, ∀ t > 0, a.e. x, y ∈M, (UE)
for some C > 0. It is known (see [39]) that the Gaussian upper estimate
(UE) is equivalent to an L2 isoperimetric-type inequality called the relative
Faber-Krahn inequality, known to hold if the Ricci curvature is non-negative.
Beyond this assumption, (UE) is known to hold for small times, under an
integral assumption on the negative part of the Ricci curvature (see [48]).
Let us also introduce the upper and lower Gaussian estimates for the heat
kernel (sometimes called Li-Yau estimates):
pt(x, y) ≃ 1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, ∀ t > 0, a.e. x, y ∈M, (LY )
where C denotes a possibly different constant in the upper and the lower
bound. By the famous work of Li and Yau [45], such estimates are known to
hold on a Riemannian manifold having non-negative Ricci curvature. By a
theorem of Saloff-Coste (see [51] and the references therein, see also [38] for
an alternative approach of the main implication, as well as the more recent
[6]), it is known that under (VD), (LY ) is equivalent to the following family
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of scale-invariant L2 Poincare´ inequalities: there is a constant C such that,
for every geodesic ball B = B(x, r), and every u ∈ C∞(B),∫
B
|u− uB |2 dµ ≤ Cr2
∫
B
|∇u|2 dµ, (P )
where uB =
1
µ(B)
∫
B u dµ denotes the average of u over B. By [45], (LY )
holds on a complete manifold with non-negative Ricci curvature endowed
with its Riemannian measure.
We now recall the notion of non-parabolicity (see for instance [41, Section
5] for more information). One says that M is non-parabolic if∫ ∞
1
pt(x, y) dt < +∞
for some (all) x, y ∈M . In this case, G(x, y) defined by
G(x, y) =
∫ +∞
0
pt(x, y) dt
is finite for all x 6= y, and is the positive, minimal Green function of ∆. If
furthermore (VD) and (UE) hold, then the non-parabolicity of M is equiv-
alent to ∫ +∞
1
dt
V (x0,
√
t)
< +∞, (V∞)
for some x0 ∈ M (this uses the fact that under (VD) and (UE), the heat
kernel has an on-diagonal lower bound pt(x, x) ≥ CV (x,√t) ; see [41, Theorem
11.1]). We also introduce an additional, related integral volume growth
condition: ∫ +∞
1
dt[
V (x0,
√
t)
]1− 1
p
< +∞ (V p)
for some x0 ∈ M . It follows from condition (VD) that (V∞) and (V p) do
not depend on the choice of x0. Notice that (VLκ) with κ > 2 implies (V
p)
for all p ∈
(
κ
κ−2 ,+∞
]
, hence non-parabolicity under (VD) and (UE).
We will also consider the heat kernel of elliptic operators of Schro¨dinger
type, acting on sections of a vector bundle over M . The main example we
have in mind is the heat kernel of the (weighted) Hodge Laplacian ~∆k,µ =
dd∗µ+d∗µd, acting on k-forms, which we describe now. Here, we have denoted
d∗µ the formal adjoint of d with respect to the measure µ. Denote by e−t
~∆k,µ
the associated heat operator, and by ~pt
k,µ(x, y) its kernel. When k = 1 and
µ is the Riemannian measure, we will simply write ~∆ and ~pt(x, y), and in
order not to make notations too heavy, we shall often make the measure µ
implicit and simply write ~pt
k(x, y). It will in practice be clear what reference
measure µ has been taken. Thus, for every x and y inM , ~pt
k,(x, y) is a linear
endomorphism from ΛkT ∗yM to ΛkT ∗xM , where ΛkT ∗M is the vector bundle
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of k-forms on M . By definition, for every compactly supported smooth
k-forms ω and η, there holds:
〈e−t~∆kω, η〉 =
∫
M
(~pt
k(x, y)ω(y), η(x))x dµ(x)dµ(y).
We consider the Gaussian estimates for ~pt
k(x, y):
‖~ptk(x, y)‖y,x . 1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, ∀ t > 0, a.e. x, y ∈M,
( ~UEk)
for some C > 0. Here ‖ · ‖y,x denotes the Hilbert-Schmidt norm of the
operator ~pt
k(x, y) from ΛkT ∗yM to ΛkT ∗xM endowed with the Riemannian
metrics at y and x. In the case k = 1, we will simply write ( ~UE) instead of
( ~UEk). It turns out that even in the weighted setting, there is a Bochner
formula for the Laplacian on k-forms (see [24, Appendix]):
~∆k,µ = ∇∗∇+ Rk,µ, (1.5)
where∇ is the Riemannian connection, ∇∗ its formal adjoint with respect to
the measure µ, and for every x ∈M , Rk,µ(x) is a symmetric endomorphism
of the fiber of ΛkT ∗M at x. Hence, ~∆k,µ can be seen as a generalised
Schro¨dinger operator, with potential Rk,µ; the term Rk,µ can furthermore
be expressed in terms of the curvature tensor. For instance, for k = 1, it
identifies naturally with the weighted Ricci curvature Ricµ := Ric −Hf , if
µ = efν, where Hf is the Hessian operator of f (see [24, Appendix]).
In [24], Gaussian estimates for the heat kernel of generalised Schro¨dinger
operators were studied, and in the present article we will work in the same
setting, which we introduce now. We consider a generalised Schro¨dinger
operator
L = ∇∗∇+R,
acting on a finite-dimensional Riemannian bundle E → M , that is a finite-
dimensional vector bundle equipped with a scalar product (·, ·)x depending
continuously on x ∈ M (see for instance [4, Section E]). Here ∇ is a con-
nection on E → M which is compatible with the metric, and ∇∗∇ is the
so-called “rough Laplacian”, also denoted by ∆¯. Of course, the formal ad-
joint ∇∗ depends on the measure µ, and we really should write ∇∗µ instead
of ∇∗, but to keep notations light we prefer to keep this dependance im-
plicit. The “potential” R is by definition a L∞loc section of the vector bundle
End(E), that is, for all x ∈ M , R(x) is a symmetric endomorphism of Ex,
the fiber at x. Notice that if E is the trivialM×R, a generalised Schro¨dinger
operator on E is just a scalar Schro¨dinger operator ∆+V , where V :M → R
is a real potential. Since R is in L∞loc, by standard elliptic regularity, solu-
tions of Lω = 0 are contained in C1,αloc for all α ∈ (0, 1). For a.e. x ∈ M ,
one can diagonalize R(x) in an orthonormal basis of Ex. Denote by R+(x)
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the endomorphism corresponding to the non-negative eigenvalues, and by
−R−(x) the one corresponding to the negative eigenvalues, so that R+(x),
R−(x) are a.e. non-negative symmetric endomorphisms acting on the fiber
Ex and
R = R+ −R−.
Notice also that R+ and R− belong to L∞loc. Denote by | · |x the norm on Ex
derived from (·, ·)x and by ‖·‖x the induced norm on End(Ex). In particular,
‖R−(x)‖x = sup
v∈Ex,|v|x=1
| (R−(x)v, v)x | = maxσ(R−(x)),
where σ(R−(x)) is the (finite) set of eigenvalues of R−(x). Let C∞(E) (resp.
C∞0 (E)) be the set of smooth sections of E (resp. of smooth “compactly
supported” sections, that is sections which coincide with the zero section
outside a compact set). For p ≥ 1 we will consider the Lp-norm on sections
of E:
||ω||p =
(∫
M
|ω(x)|px dµ(x)
)1/p
with the usual extension for p =∞. We shall denote by Lp(E), or simply Lp
when no confusion is possible, the set of sections of E with finite Lp-norm,
modulo equality a.e.. Sometimes, depending on the context, Lp will simply
refer to real-valued functions. We will denote by
〈ω1, ω2〉 :=
∫
M
(ω1(x), ω2(x))x dµ(x)
the scalar product in L2(E).
From an obvious adaptation of Strichartz’s proof that the Laplacian is
self-adjoint on a complete manifold (see Theorem 3.13 in [47]), we know
that if R− is bounded, then L = ∆¯+R+−R− is essentially self-adjoint on
C∞0 (E). IfR− is not bounded, then we will consider the Friedrichs extension
of L, which is an unbounded, self-adjoint operator on L2(E). We will make
a crucial assumption on L: we will assume that it is non-negative. By this
we mean that the associated quadratic form to L is non-negative, that is for
every ω ∈ C∞0 (E), ∫
M
|∇ω|2 + 〈Rω, ω〉 ≥ 0.
By the spectral theorem, one can then consider e−tL, which is a contraction
semigroup on L2. By elliptic estimates again, there exists a kernel pLt for
e−tL, that is, for every x, y ∈ M , pLt (x, y) is a linear map from Ey to Ex
such that for every ωi ∈ L2(E), i = 1, 2,
〈e−tLω1, ω2〉 =
∫
M×M
(
pLt (x, y)ω1(y), ω2(x)
)
x
dµ(x)dµ(y).
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By self-adjointness of L, the adjoint of pLt (x, y) is pLt (y, x) a.e. In addition
the non-negativity of L implies that for a.e. x ∈M , the operator pLt (x, x) ∈
End(Ex) is symmetric and non-negative. Denote by ‖ · ‖y,x the Hilbert-
Schmidt norm on End(Ey, Ex), that is
||A||2y,x := Tr(A∗A) = Tr(AA∗), A ∈ End(Ey, Ex).
We will say that the heat kernel of L satisfies Gaussian estimates if for every
t > 0 and a.e x, y ∈M ,
||pLt (x, y)||y,x .
1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
. (UEL)
As we mentioned before, an important example of such a generalised
Schro¨dinger operator L is provided by ∆k = d∗k+1dk + dk−1d∗k, the Hodge
Laplacian acting on differential k-forms. It obviously follows from its defi-
nition that ∆k is non-negative. It turns out that if µ is not the Riemannian
measure, the corresponding weighted Hodge Laplacian are also of interest:
such operators have been considered by E. Witten [55] and J-M. Bismut [7],
in order to give a new proof of the Morse inequalities, and later by E. Bueler
[10] to study the cohomology of non-compact manifolds.
In [24], Gaussian estimates for the heat kernel of such a generalised
Schro¨dinger operator have been characterized, under the assumption that
the negative part of the potential R is “small at infinity” in a certain sense.
More precisely, we shall say that condition (K) is satisfied by a section
V ∈ L∞loc of the vector bundle End(E) on M if M is non-parabolic and there
is a compact subset K0 of M such that
sup
x∈M
∫
M\K0
G(x, y)‖V(y)‖y dµ(y) < 1, (K)
where G is the Green function for the Laplace operator on functions. In a
more compact way, condition (K) may be formulated as ‖∆−1(‖V‖1M\K0)‖∞ <
1. The standing assumption that has been made in [24] in order to study
the heat kernel of a generalised Schro¨dinger operator L = ∇∗∇ + L is that
R− satisfies (K). Actually, (K) is a generalization of the more familiar Kato
class at infinity K∞(M), defined by: V ∈ K∞(M) if
lim
R→∞
sup
x∈M
∫
M\B(x0,R)
G(x, y)‖V(y)‖y dµ(y) = 0, (1.6)
for some (all) x0 ∈ M . This is a slightly more restrictive condition than
our condition (K). The notion of Kato class at infinity is often used as an
effective tool to obtain Gaussian estimates for the heat kernel of Schro¨dinger
operators (see [53]). Also, in [34], a sufficient condition for a potential to
satisfy (1.6) is presented, in terms of some weighted Lp spaces: if (UE)
holds, and there is ε > 0 such that
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V ∈ L ν2−ε
(
M,
dµ(x)
V (x, 1)
)
∩ L ν
′
2
+ε
(
M,
dµ(x)
V (x, 1)
)
,
where ν and ν ′ are the exponents from (VD) and (RDν′), then V belongs to
the Kato class at infinity K∞(M), and thus in particular satisfies (K). In
the case where the volume growth is polynomial, that is
C−1rn ≤ V (x, r) ≤ Crn, ∀x ∈M, ∀r > 0,
with n > 2, the above condition on V is the familiar condition V ∈ Ln2±ε.
Let us now quote one of the main results of [24]:
Theorem 1.2. [24, Theorem 1.1]
Let (M,µ) be a complete, non-compact, connected weighted Riemannian
manifold satisfying (VD) and (UE). Assume that (M,µ) satisfies the volume
lower bound (VLκ) with κ > 4. Let E be a vector bundle with basis M and
a connection ∇ compatible with the metric, and let
L = ∇∗µ∇+R+ −R−
be a generalised (weighted) Schro¨dinger operator on E, such that R− satisfies
condition (K). Then the following are equivalent:
i) the heat kernel of L satisfies (UEL).
ii) KerL2(L) = {0}.
In the case where L is the Hodge Laplacian on 1-forms, Theorem 1.2 has
important consequences for the gradient of the heat kernel on functions.
First, let us say that that the gradient of the heat kernel on functions has
Gaussian estimates if the following estimates hold:
|∇xpt(x, y)| . 1√
tV (x,
√
t)
e−c
d2(x,y)
t , ∀t > 0, ∀x, y ∈M. (G)
Then, one has the following result:
Corollary 1.3. [24, Corollary 1.13]
Let (M,µ) be a complete, non-compact, connected weighted Riemann-
ian manifold satisfying (VD) and (UE). Recall the weighted Ricci ten-
sor Ricµ := Ric − Hf , if µ = efν. Assume that (Ricµ)− satisfies condi-
tion (K). Assume moreover that M satisfies (VLκ) for some κ > 4, and
that KerL2( ~∆µ), the kernel of the weighted Hodge Laplacian on 1-forms, is
trivial. Then, the Gaussian gradient estimates (G) for the heat kernel of the
weighted Laplacian hold.
1.3. Our results. Our work in this article was motivated by the following
two questions. The first one concerns a possible extension of Theorem 1.2:
Question 1.4. In the setting of Theorem 1.2, what happens if KerL2(L) is
not trivial? If Π is the L2-orthogonal projection onto KerL2(L), is it true
that the operator e−tL(I −Π) has Gaussian estimates?
12 BAPTISTE DEVYVER
For example, in the case of ~∆, the Hodge Laplacian on 1-forms, one of
the simplest manifolds for which Question 1.4 is relevant is Rn♯Rn, a so-
called connected sum of two Euclidean spaces, which is a manifold obtained
by taking two disjoint copies of Rn on which the unit ball has be removed,
and connecting them smoothly by a tube joining their boundaries. Indeed,
if n ≥ 3, it is known that on Rn♯Rn, KerL2(~∆) 6= {0} (see e.g. [20]), and
hence the Gaussian estimate for the heat kernel of the Hodge Laplacian on
1-forms ( ~UE) does not hold. Even in this particular case, it is an interesting
open problem to understand the action of the semi-group e−t~∆ on Lp spaces
(see the recent results in [46]). The second question concerns Corollary 1.3:
Question 1.5. In the setting of Corollary 1.3, does the gradient estimate for
the heat kernel (G) hold under a weaker assumption than KerL2(~∆) = {0}?
In fact, Questions 1.4 and 1.5 are intimately related: indeed, in our set-
ting Gaussian estimates for e−t~∆(I − Π), where ~∆ is the (weighted) Hodge
Laplacian on 1-forms, imply Gaussian gradient estimates for the scalar heat
kernel. Actually, it turns out that an even weaker statement is true (see the
proof of Theorem 1.11):
Proposition 1.6. Let (M,µ) be a complete weighted Riemannian manifold,
satisfying (VD), (VU) and (UE). Let Π be the orthogonal projection onto
KerL2(~∆µ). Assume that
sup
t>0
||V
1
2√
t
e−t~∆µ(I −Π)||2→∞ < +∞.
Then, the Gaussian gradient estimates (G) for the scalar heat kernel hold.
The result of Proposition 1.6 is reminiscent of the classical fact, first
observed in [26], that Gaussian estimates for the heat kernel on forms have
consequences for the gradient of the heat kernel on functions. It is known
that the Gaussian gradient estimates for the heat kernel (G) cannot hold on
R
n♯Rn (see Remark 1.22), so the answer to Question 1.4 is no in general.
Therefore, in order to proceed one needs to make an extra assumption.
For q ∈ [1, 2), we introduce the following assumption for the generalised
Schro¨dinger operator L:
KerL2(L) ⊂ Lq (Kerq)
In [33, Proposition 11], it was established that (Kerq) holds for all q ∈
( nn−2 , 2) under the assumptions that the Sobolev inequality (Sobn) holds,
that the negative part of R is in Ln2±ε for some ε > 0, and that the volume
of balls is Euclidean. Also, the results of [44] show that the behaviour
at infinity of L2 harmonic k-forms govern the boundedness of the Riesz
transform (d + d∗)~∆−1/2k on k-forms, and we will see that the same kind of
phenomenon occurs for the heat operator.
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For us, the assumption (Kerq) will be useful for all q’s in the range [1, 2),
and the lower q, the better. We will explain later in details the significance
and relevance of (Kerq), but for the moment let us present our first main
result, which partially answers Question 1.4:
Theorem 1.7. Assume that M satisfies (VD), (UE) and (VU). Further-
more, assume that M satisfies the volume lower bound (VLκ) with κ > 8.
Let E be a vector bundle with basis M , endowed with a connection ∇ com-
patible with the metric, and let
L = ∇∗∇+R+ −R−
be a generalised Schro¨dinger operator on E, such that R− satisfies condition
(K). Assume that (Kerq) holds, and let Π be the L
2 orthogonal projection
onto KerL2(L). Then for all q ≤ r ≤ s ≤ q′,
sup
t>0
||V
1
r
− 1
s√
t
e−tL(I −Π)||r→s <∞. (1.7)
Furthermore, if (Kerq) holds for q = 1 and the kernel kt(x, y) of e
−tL(I−Π)
is continuous, then it has on-diagonal estimates:
||kt(x, x)||x,x . 1
V (x,
√
t)
. (1.8)
Remark 1.8. However, we do not know how to pass from the on-diagonal
estimate (1.8) to the full Gaussian estimates for the kernel of e−tL(I − Π).
Indeed, passing from on-diagonal to off-diagonal estimates usually requires
finite speed of propagation for the associated wave operator (or, equivalently,
Davies-Gaffney estimates), see [52], but in the proof we use the operator
L+ αΠ, whose wave propagator does not have finite speed of propagation,
because of the non-locality of the projection Π. This non-locality feature
of the operator L + αΠ is also the reason why in Theorem 1.7 we need to
assume the uniformity of the volume growth (VU). However, we feel that
the result of Theorem 1.7 should hold without this extra assumption.
Theorem 1.7 has for consequence the following result:
Corollary 1.9. Under the assumptions of Theorem 1.7, the semi-group e−tL
is uniformly bounded on Lp, for every p ∈ [q, q′].
Now, we turn to the consequences of Theorem 1.7 for Question 1.5. We
first introduce weaker integral estimates for the gradient of the scalar heat
kernel:
||∇e−t∆||p→p . 1√
t
, ∀t > 0. (Gp)
It is known that if M is complete, then (Gp) always holds for p ∈ (1, 2] (see
[22]; the statement is made for unweighted manifolds, but the proof extends
without difficulty to the weighted case as well). Let us also mention that the
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weaker Lp estimates ||∇e−t∆||p→p . t−1/p have been recently established in
[46], under some local uniformity of the negative part of the Ricci curvature.
In the case p = ∞, the gradient estimate that we will consider is a bit
different. It writes:
sup
x,y∈M
|∇xpt(x, y)| . 1√
tV (y,
√
t)
, ∀t > 0. (G∞)
According to [1], (G∞) implies (Gp), for all p ∈ (2,∞), and moreover by [28,
Theorem 4.11], (G∞) is equivalent to the full Gaussian upper bound (G) for
the gradient of the heat kernel. The Lp estimates (Gp) for the gradient of the
heat kernel have been introduced in [1], in order to study the Lp boundedness
of the Riesz transform d∆−1/2. Indeed, a well-known argument involving the
analyticity of the semigroup e−t∆ on Lp shows that if the Riesz transform
d∆−1/2 is bounded on Lp for some p ∈ (1,∞), then (Gp) holds (see [1]).
The optimal range of boundedness for the Riesz transform is known in a
few cases, for instance it is known for asymptotically Euclidean -or more
generally, conical- manifolds (see [20], [43]). This indirectly yields (Gp) for
some values of p. If p ∈ (2,∞) and M satisfies the Poincare´ inequalities
(P ), by the main result of [1] the boundedness on Lp of the Riesz transform
and (Gp) are essentially equivalent. However, it is an open problem to
provide weaker conditions than (P ) for the converse that would apply to
manifolds such as the connected sum of two Euclidean spaces (see however
the recent [6]). Also, on the connected sum of two Euclidean spaces, the
Riesz transform is bounded on Lp if and only if p ∈ (1, n) (p ∈ (1, 2] if
n = 2). While it is known that (Gp) cannot hold for p > n, what happens
in the limiting case p = n, n ≥ 3 is still unknown. In addition, if one is to
study gradient heat kernel estimates through the Riesz transform, a serious
limitation that one faces is that in this way, one can only get results in the
range p ∈ (1,∞), but the case p = ∞ is excluded. Hence, the Gaussian
gradient heat kernel estimates (G) are out of reach by this method. In the
contrary, our method in the present article allows us to deal with the case
p =∞, as will be demonstrated by our next result. But first, let us introduce
another family of inequalities for the gradient of the heat kernel:
sup
t>0
∥∥∥∥V 1r− 1s√t √t∇e−t∆
∥∥∥∥
r→s
< +∞, (Gr,s)
and its off-diagonal counterpart
V (x,
√
t)
1
r
− 1
s
∥∥∥χB(x,√t)√t∇e−t∆χB(y,√t)∥∥∥
r→s
. e−
d2(x,y)
Ct , ∀x, y ∈M, t > 0,
(Goffr,s)
where χB denotes the characteristic function of the set B ⊂ M . Since the
gradient of the heat kernel satisfies the off-diagonal Davies-Gaffney estimates
(see [2, Lemma 3.8]), Goff2,2 holds. Using the tools developed in [28], one can
show:
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Proposition 1.10. Let (M,µ) be a complete, non-compact, connected weighted
Riemannian manifold satisfying (VD) and (UE). Then,
(i) if 1 ≤ r ≤ s ≤ ∞, then (Gr,s) implies (Goffr,s).
(ii) if 2 ≤ q′ ≤ ∞, then (Goff2,q′) implies (Gp) for any p ∈ [2, q′].
(iii) if 1 ≤ q ≤ 2, then (Goffq′,2) implies (Gp) for any p ∈ [q, 2].
As a consequence, if q ∈ [1, 2) (resp. q′ ∈ (2,∞)), then (Gq,2) (resp. (G2,q′))
implies (Gp) for any p ∈ [q, 2] (resp. p ∈ [2, q′]).
After presenting these facts, we obtain as a consequence of Theorem 1.7:
Theorem 1.11. Let (M,µ) be a complete, non-compact, connected weighted
Riemannian manifold satisfying (VD), (VU) and (UE). Recall the weighted
Ricci tensor Ricµ := Ric −Hf , if µ = efν. Assume that (Ricµ)− satisfies
condition (K). Assume moreover that M satisfies (VLκ) for some κ > 8,
and that for some q ∈ [1, 2), (Kerq) holds for L = ~∆µ, the Hodge Laplacian
on 1-forms. Then (Gr,s) holds for any q ≤ r ≤ s ≤ q′, and
• if q > 1, then (Gp) holds for any p ∈ (1, q′].
• if q = 1, then (G), the pointwise Gaussian gradient estimate for the
heat kernel holds, and (Gp) holds for any p ∈ [1,∞].
Our approach actually yields results for the heat kernel on forms as well.
In this case, one considers
sup
t>0
∥∥∥√t(d+ d∗)e−t~∆k,µ∥∥∥
p→p
< +∞, ( ~Gp)
sup
t>0
∥∥∥∥V 1r− 1s√t √t(d+ d∗)e−t~∆k,µ
∥∥∥∥
r→s
< +∞, ( ~Gr,s)
and its off-diagonal counterpart: for every x, y ∈M and t > 0,
V (x,
√
t)
1
r
− 1
s
∥∥∥χB(x,√t)√t(d+ d∗)e−t~∆k,µχB(y,√t)∥∥∥
r→s
. e−
d2(x,y)
Ct . ( ~Goffr,s)
According to the off-diagonal Davies-Gaffney estimates from [2, Lemma 3.8],
~Goff2,2 holds. As before, using the tools developed in [28], one can show:
Proposition 1.12. Let (M,µ) be a complete, non-compact, connected weighted
Riemannian manifold satisfying (VD) and (UE). Then,
(i) if 2 ≤ s ≤ ∞ (resp. 1 ≤ r ≤ 2), then ( ~G2,s) (resp. ( ~Gr,2)) implies
( ~Goff2,s) (resp. (
~Goffr,2)).
(ii) if 2 ≤ q′ ≤ ∞, then ( ~Goff2,q′) implies ( ~Gp) for any p ∈ [2, q′].
(iii) if 1 ≤ q ≤ 2, then ( ~Goffq′,2) implies ( ~Gp) for any p ∈ [q, 2].
Remark 1.13. A result similar to Proposition 1.12 also holds for the exact
part
√
tde−t~∆k,µ or the co-exact part
√
td∗e−t~∆k,µ alone. That is, for in-
stance, if q < 2, Lq → L2 estimates for √tde−t~∆k,µ imply their off-diagonal
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counterpart, which in turn imply that
√
tde−t~∆k,µ is uniformly bounded on
Lp, p ∈ [q, 2]. The proof is identical to that of Proposition 1.12 and details
are left to the reader.
Here is a form analog of Theorem 1.11:
Theorem 1.14. Let (M,µ) be a complete, non-compact, connected weighted
Riemannian manifold satisfying (VD), (VU), (UE), and (VLκ) for some
κ > 8. Recall the tensor Rk,µ from the Bochner formula on k-forms, and let
k ≥ 1. Assume that Rk+1,µ, Rk,µ and Rk−1,µ all satisfy condition (K), and
that, for some q ∈ [1, 2), (Kerq) holds for the (weighted) Hodge Laplacian
acting on k − 1, k and k + 1-forms. Then, for every q ≤ r ≤ s ≤ q′, ( ~Gr,s)
for ~∆k,µ holds. In particular, ( ~Gp) for ~∆k,µ holds for all p ∈ [q, q′].
Remark 1.15. Variants of Theorem 1.14 holds for the operators
√
tde−t~∆k,µ ,
or
√
td∗e−t~∆k,µ alone. Also, one can obtain a version just for the interval
[q, 2], or [2, q′]. The details are left to the interested reader.
It will be interesting to understand how the estimates ( ~Gp) of Theorem
1.14 are related to the boundedness of the Riesz transform on k-forms (d+
d∗)~∆−1/2k,µ (I−Πk). Contrary to the Lp gradient estimates (Gp), which can be
deduced from the Lp boundedness of the Riesz transform d∆−1/2 using the
analyticity of the heat semigroup e−t∆, the heat kernel estimates of Theorem
1.14 do not follow directly from the Lq and Lq
′
boundedness of the Riesz
transform on k-forms. Indeed, the analyticity of e−t~∆k,µ on Lq or Lq
′
is not
known in the setting of Theorem 1.14.
Finally, in the last part of the article, we discuss the relevance of our
assumption (Kerq). We study its validity under additional geometric as-
sumptions on M . The first such result is:
Theorem 1.16. Let M be an n-dimensional Riemannian manifold which
satisfies (Sobn), the Sobolev inequality with parameter n > 4. Assume that
the negative part of the Ricci curvature Ric− is in L
n
2
±ε for some ε > 0.
Then, (Kerq) for L = ~∆, the Hodge Laplacian on 1-forms, holds for all
q ∈ ( nn−1 , 2).
This improves the result obtained in [33, Proposition 11] in the case L =
~∆, the Hodge Laplacian on 1-forms. Actually, a similar result holds for the
Hodge Laplacian on k-forms:
Theorem 1.17. Let M be an n-dimensional Riemannian manifold which
satisfies (Sobn), the Sobolev inequality with parameter n > 4. Let k ∈
[1, n − 1] be an integer, and recall the tensor Rk from the Bochner formula
of the Hodge Laplacian ~∆k on k-forms. Assume that Rk is in L
n
2
±ε for
some ε > 0. Assume also that
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V (x, r) ≃ rn, ∀x ∈M, r ≥ 1.
Then, (Kerq) for L = ~∆k holds for all q ∈ (q∗, 2), where
q∗ =


n(n−k−1)
(n−2)(n−k) , 1 ≤ k ≤ n2
n(k−1)
k(n−2) ,
n
2 ≤ k ≤ n− 1
This result, together with THeorem 1.7, has consequence for the heat
semi-group on k-forms. For k = 1, . . . , n − 1, define the interval Ik by
Ik =


(
n(n−k−1)
(n−2)(n−k) ,
n(n−k−1)
n−2k
)
, 1 ≤ k ≤ n2
(
n(k−1)
k(n−2) ,
n(k−1)
2k−n
)
, n2 ≤ k ≤ n− 1
and let also I0 = In = [1,+∞]. Then, one has:
Corollary 1.18. Let M be an n-dimensional Riemannian manifold which
satisfies (Sobn), the Sobolev inequality with parameter n > 8. Recall the
tensor Rk from the Bochner formula of the Hodge Laplacian ~∆k on k-forms.
Assume that for every integer k ∈ [1, n− 1], Rk is in L
n
2
±ε for some ε > 0.
Assume also that
V (x, r) ≃ rn, ∀x ∈M, r ≥ 1.
Then, for every k = 1, · · · , n − 1, the heat semi-group e−t~∆k of the Hodge
Laplacian on k-forms is uniformly bounded on Lp, for every p ∈ Ik, and
moreover, for all r, s ∈ Ik−1 ∩ Ik ∩ Ik+1 such that r ≤ s,
sup
t>0
V
1
r
− 1
s√
t
||
√
t(d+ d∗)e−t~∆k,µ ||r→s < +∞.
Corollary 1.18 improves (under stronger geometric conditions) results ob-
tained in [46]. As a consequence of Theorems 1.16 and 1.11, one obtains:
Corollary 1.19. Let M be an n-dimensional Riemannian manifold which
satisfies (Sobn), the Sobolev inequality of exponent n > 8. Assume that the
negative part of the Ricci curvature Ric− is in L
n
2
±ε for some ε > 0. Then,
the Lp gradient estimate for the heat kernel (Gp) holds for all 2 ≤ p < n.
Remark 1.20. In the setting of Theorem 1.16 and Corollary 1.19, it follows
from [18] that one has the volume estimates:
V (x, r) ≃ rn, ∀x ∈M, r > 0.
Remark 1.21. If one assumes that the Ricci curvature is bounded from
below, the result of Corollary 1.19 is actually already known, even under
the weaker assumption n > 3: indeed, this follows from the fact that under
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the assumptions of Corollary 1.19, the Riesz transform d∆−1/2 is bounded
on Lp for all p ∈ (1, n) (see [33, Theorem 16]; the required volume estimate
follows from the recent [18]).
Remark 1.22. As the example of the connected sum of Euclidean spaces
demonstrates, the result of Corollary 1.19 is essentially optimal. Indeed, on
R
n♯Rn, (Gp) cannot hold for p > n. The reason is that if (Gp) were true for
some p > n, then by using Morrey inequalities, one could prove Gaussian
heat kernel lower bounds, which are known to be false on Rn♯Rn (for details,
see the arguments in [25, Section 5] as well as [35]).
Under stronger assumptions on the geometry at infinity of the manifolds,
the results of Corollary 1.19 can be improved. In conclusion of the article, we
study the validity of (Kerq) for L = ~∆, the Hodge Laplacian on 1-forms, on
manifolds that have a special cone structure at infinity. On such manifolds,
there is a hope to find the optimal interval of q’s in [1, 2) such that (Kerq)
for L = ~∆k holds; indeed, harmonic k-forms on an conical manifold have
an relatively simple description (see [21]). One expects that the answer in
this case depends on the spectrum of the Hodge Laplacian of the basis of
the cone. In [44], the analysis of the behaviour at infinity of L2 harmonic
k-forms has been partially made, and as a consequence of the results of [44]
(see especially Corollary 9 therein), in the case of 1-forms it is possible to
obtain the following result: assume that M is asymptotically Euclidean (to
high enough order), then one of the three following possibilities occurs:
(i) (Kerq) for L = ~∆ holds for all q ∈ (1, 2).
(ii) (Kerq) for L = ~∆ holds for all q ∈ ( nn−1 , 2).
(iii) (Kerq) for L = ~∆ holds for all q ∈ ( nn−2 , 2).
However, there is a catch here: to determine whether one is in situation
(i), (ii) or (iii), one needs to prove the existence or non-existence of L2
harmonic 1-forms of certain special type, which is not done in [44]. The
result of Theorem 1.16 shows that for 1-forms, one is always in the case
(i) or (ii). Our next result (Theorem 1.23) implies in particular that on a
manifold that is Euclidean outside a compact set, (i) occurs if and only if
there is only one end. The case of forms of higher degree is more involved,
and we leave it for future work. After this short discussion, let us introduce
the setting for our last result.
If (X, g¯) is a compact Riemannian manifold, one can consider C(X), the
cone over X, defined by
C(X) = (0,∞) ×X,
endowed with the metric
g = dr2 + r2g¯.
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Let k ≥ 1 be an integer, and let X1, . . . ,Xk be compact Riemannian man-
ifold having all the same dimension. Let M be a complete Riemannian
manifold. If there exists U ⊂M and V1 ⊂ C(X1), . . . , Vk ⊂ C(Xk) open sets
such thatM \U is isometric to the disjoint union of the manifolds C(Xk)\Vk,
we will say that M is a conical manifold at infinity, with k ends. In this
case, we will write
M ≃∞ ⊔ki=1C(Xi).
It is important to note that for n > 2, if M is an n-dimensional manifold
which is conical at infinity, then the Sobolev inequality with parameter n
holds. Furthermore, if M has only one end, then the scaled L2 Poincare´
inequalities (P ), hold on M . See e.g. [13, Section 7.1] and the references
therein. Also, a direct computation shows that if n is the dimension of
M ≃∞ C(X), and if the Ricci curvature on X has the lower bound
RicX ≥ (n− 2)g¯, (1.9)
then M has non-negative Ricci curvature. Our study of the behaviour of
harmonic 1-forms on such manifolds will lead to the following result:
Theorem 1.23. Let n > 8, and let M ≃∞ C(X) be an n-dimensional
manifold that is conical at infinity with only one end. Assume that the Ricci
curvature on X has the lower bound (1.9). Then,
(i) if X = Sn−1, i.e. M is Euclidean outside a compact set, then for
every p ∈ (1,∞), the semi-group e−t~∆ is bounded on Lp and the
gradient estimate (Gp) holds.
(ii) if X 6= Sn−1, then for every p ∈ [1,∞], the semi-group e−t~∆ is
bounded on Lp, and the Gaussian gradient estimate for the heat ker-
nel (G) holds.
Remark 1.24. The gradient Lp estimate (Gp) in (i) is already known,
since on M the Riesz transform is bounded on Lp for all p ∈ (1,∞) (see
[32]). However, our proof is the first direct proof, i.e. not using the Riesz
transform. The Lp boundedness of the heat semi-group on 1-forms, as well
as (ii), are entirely new.
In light of the result of Theorem 1.23, an interesting open problem is the
following:
Problem 1.25. Let M be Euclidean at infinity, with only one end; does
the Gaussian gradient estimate (G) hold on M?
1.4. Comparison with existing results in the literature. In this para-
graph, we present a more detailed account on gradient estimates for the heat
kernel that are available in the literature, and we compare them with our
own results. We feel such a review is needed, because it is not so easy to
extract the relevant results from the literature, some results being written
under different assumptions, or in the compact setting. It will also put our
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own results in perspective. First, let us come back to the Li-Yau gradient
estimate (1.1) in the non-negative Ricci curvature setting. The idea of the
proof of inequality (1.1) is to compute (∆ + ∂t)(ϕG), with G = α
∇u|2
u2
− utu
for some α ∈ (0, 1), ϕ being an approriate (radial) cut-off function equal to
1 on B(x0, r) and supported in B(x0, 2r), and use a clever maximum prin-
ciple technique to estimate then G on B(x0, r). The radius r is then sent
to infinity, which provides a global estimate for G. The same approach has
later been used first in [56], [49] and [18, Section 3]. In all these works, the
idea of the proof is the same as Li and Yau: one computes (∆ + ∂t)(ϕG),
where now G is defined as G = αJ ∇u|
2
u2 − utu for some α ∈ (0, 1), and ϕ is
an appropriate cut-off function, then one uses the maximum principle tech-
nique to estimate G. The function J = J(x, t) is a carefully chosen function,
whose purpose is to balance the error terms introduced by the fact that the
Ricci curvature is not globally non-negative. The cut-off function usually
localizes the estimate in a ball B(x0, r) where the negative part of the Ricci
curvature is small (in an integral sense); it has support in B(x0, 2r), is equal
to 1 on B(x0, r), and should satisfy |∇ϕ|2+ |∆ϕ| . r2. The negative part of
the Ricci curvature is assumed to be small uniformly (in an integral sense),
at the scale r, more precisely in [56] it is assumed that the following quantity
is small enough:
κ(p, r) = r2 sup
x∈M
(
1
V (x, r)
∫
B(x,r)
||Ric−(y)||p dy
)1/p
, p > n/2.
The smallness assumption on Ric− enters crucially at two places in the proof:
first, to guarantee the existence of a good cut-off function ϕ as above for
any x0 ∈M , and second, to control the function J . Actually, the existence
of such cut-off functions at all scales is a strong assumption on M ; it holds
for example if the negative part of the Ricci curvature has quadratic decay,
as follows from standard comparison theorems. In the first paper [56], the
obtained control on J deteriorates as t → ∞: more precisely, it is proved
that
j
r
(t) ≤ J ≤ 1,
where j
r
(t) depends on r (the radius of the considered ball), t, and κ(p, r).
Explicitly,
j
r
(t) = C exp(−aκr2(1 + bκ 12p−n )t),
where C, a and b are positive constants. The obtained Li-Yau gradient
inequality writes:
αj
r
(t)
|∇u|2
u2
− ut
u
≤ β
j
r
(t)
(
1
t
+
1
j
r
(t)r2
)
.
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However,
lim
t→∞ jr(t) = 0,
which means that the control we get on G worsens as →∞. Also, contrary
to κ(n2 , r), the quantity κ(p, r) for p >
n
2 is not scale invariant. Actually,
assuming that V (x, r) ≃ rn for r ≥ 1, one has
lim
r→∞κ(p, r) = +∞,
unless Ric− ≡ 0. Therefore, one cannot let r → ∞ and get rid of the r−2
term in the Li-Yau gradient inequality, contrary to what happens in the
non-negative Ricci curvature setting.
It has been noticed by G. Carron in [18, Section 3] that the control on J
could be improved. In fact, he obtains that J is bounded above and below
by two positive constants independently of t, under an approriate smallness
assumption of Ric−. His observation leads to the following Li-Yau gradient
estimate, which is not written down explicitely in [18] but can be shown by
using the ideas in [18, Section 3] (see in particular Proposition 3.17 therein):
Proposition 1.26. Let M be a non-parabolic, complete Riemannian man-
ifold of dimension n, x0 ∈ M , r > 0, and assume that the negative part of
the Ricci is small in an integral sense on B(x0, 2r):
sup
x∈B(x0,2r)
∫
B(x0,2r)
G(x, y)||Ric−(y)|| dy < 1
16n
, (1.10)
where G(x, y) is the positive minimal Green function on M . Assume also
the existence of a good cut-off function, that is ϕ ∈ C∞0 (B(x0, 2r)) with
ϕ|B(x0,r) ≡ 1 and |∇ϕ|2 + |∆ϕ| . 1r2 . Then, there exists positive constants
α, β such that the following Li-Yau gradient estimate in B(x0, r), for u
positive solution of the heat equation, holds:
α
|∇u|2
u2
− ut
u
≤ β
(
1
t
+
1
r2
)
, t ∈ (0,∞). (1.11)
It is important to note that the gradient estimate (1.11) actually holds
also on a manifold whose negative part of the Ricci curvature has a qua-
dratic decay, as follows from the original Li and Yau result ([45, Theorem
1.2]). Therefore, in some sense no better inequality is obtained under a local
smallness of the Ricci curvature such as (1.10). This is in contrast with the
compact setting, in which a much better result is obtained under (1.10).
The issue with the non-compact setting is that one has to use a cut-off func-
tion to localize the argument and be able to apply the maximum principle
technique and estimate G, while in the compact setting one can apply the
maximum principle directly. As a consequence of the Li-Yau gradient esti-
mate (1.11), one obtains the following estimates for the heat kernel and its
gradient (see [18, Theorem 3.5] and [50, Theorem 5.10]):
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pt(x, y) .
1
V (x,
√
t)
exp
(
−d
2(x, y)
Ct
)
, ∀ t ∈ (0, r2), x, y ∈ B(x0, r),
(1.12)
and
|∇xpt(x, y)| . 1√
tV (x,
√
t)
e−c
d2(x,y)
t , ∀ t ∈ (0, r2), x, y ∈ B(x0, r). (1.13)
On the other hand, if one knows a priori that the heat kernel has Gaussian
upper estimates for all times, i.e. (UE) holds, then using (1.11) one can
improve (1.13) into
|∇xpt(x, y)| . max
(
1√
t
,
1
r
)
1
V (x,
√
t)
e−c
d2(x,y)
t , ∀ t > 0, x, y ∈ B(x0, r).
(1.14)
One expects that the gradient estimate (1.14) is close to be optimal, without
further assumptions on the topology of M : indeed, it has been observed in
[20, Proposition 6.1] that on the so-called connected sum of two Euclidean
space, which is flat outside a compact set, as t→ +∞ the correct polynomial
time decay for the gradient of the heat kernel is t−n/2 and not t−
n+1
2 , as in the
Euclidean space itself. Hence, taking the gradient does not improve the time
decay at all, for large times! This is an intrinsic limitation of the method,
as the assumption made on the negative part of the Ricci curvature does
not permit to discriminate between a manifold such as the connected sum
of two copies of Rn (on which the gradient of the heat kernel has the same
decay in time as the heat kernel itself) and between a manifold isometric to
a single copy of Rn outside a compact set (for which some extra decay in
time of the gradient of the heat kernel is expected).
An advantage of the result of Proposition 1.26 over [56, Theorem 1.1] is
that from Proposition 1.26, one can get also a result for large time, under
a global size bound for the negative part of the Ricci curvature. Indeed, if
one has
sup
x∈M
∫
M
G(x, y)||Ric−(y)|| dµ(y) < 1
16n
, (1.15)
then provided that one can get good cut-off functions at all scales r, one can
let r →∞ in (1.11) and obtain
α
|∇u|2
u2
− ut
u
≤ β 1
t
, t ∈ (0,∞), (1.16)
which implies both (UE) and (G) for all times. Actually, this result goes
back to [29, Theorem 3.1], where (G) is proved under a non-explicit size
bound of Ric−, without assuming the existence of good cut-off functions
but assuming that (UE) and (VD) hold. However the proof in [29, Theorem
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3.1] uses the heat kernel on 1-forms, and not a Li-Yau gradient inequality.
As a consequence of the results in [24], one actually sees that (G) follows
from the following weaker global size bound on Ric−:
sup
x∈M
∫
M
G(x, y)||Ric−(y)|| dµ(y) < 1. (1.17)
However let us stress again that such a result is not satisfactory, since it
does not allow one to determine whether (G) holds or not even on simple
manifolds, such as asymptotically Euclidean ones.
As a conclusive remark for this paragraph, let us compare the result
obtained in our Theorem 1.1, with the above-mentioned results from the
literature. First, the manifolds considered in Theorem 1.1 are conical at
infinity, hence they have good cut-off functions as needed in Proposition
1.26, at all scales. Also, on these manifolds, (UE) and (VD) hold (see
[13, Section 2]). The Ricci curvature is non-negative outside a compact set
K ⋐ M , hence the local size limitation (1.10) is satisfied provided the ball
B(x0, r) is included in M \K, but the global size limitation (1.15) or (1.17)
are not necessarily satisfied. For a point x ∈M , denote by r(x) the distance
from x to K. As mentioned above, on any asymptotically conical manifold,
the fact that the decay of the Ricci curvature is quadratic implies by Li and
Yau’s original result [45, Theorem 1.2] that
|∇xpt(x, y)| ≤ max
(
1√
t
, 1r(x)+1
)
1
V (x,
√
t)
e−c
d2(x,y)
t ,
∀ t > 0, x, y ∈M.
(1.18)
This estimate can also be obtained as a consequence of Proposition 1.26. A
straightforward computation then shows that (1.18) implies ||∇e−t∆||p→p .
t−1/2 only for p < n. This result is almost optimal if M has several ends, as
||∇e−t∆||p→p . t−1/2 cannot hold for p > n. However, it is far from being
optimal if M has one end: as a consequence of results from [43] concerning
the Riesz transform, assuming that M is isometric to the cone C(X) outside
a compact set, it is known that ||∇e−t∆||p→p . t−1/2 for all p ∈ (1, p∗),
with p∗ > n being defined in terms of λ1(X), the first eigenvalue of the
cross-section of the cone. Explicitly, if
√(
n−2
2
)2
+ λ1(X) <
n
2 then
p∗ =
n
n
2 −
√(
n−2
2
)2
+ λ1(X)
> n,
and if
√(
n−2
2
)2
+ λ1(X) ≥ n2 then p∗ = +∞. Comparatively, in our Theo-
rem 1.1, we improve this result and manage to show that the full pointwise
Gaussian estimate gradient estimate (G) holds when X has Ricci curvature
bounded from below by n− 2 and is not isometric to the Euclidean sphere
Sn−1.
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Finally, for the sake of completeness, let us refer to [50, Section 5] for more
details and reference concerning Li-Yau gradient estimates in the Zhang
and Zhu setting, and their consequences for heat kernels (see in particular
Theorem 5.9 therein).
1.5. Strategy for the proof of Theorem 1.7. The proof is based on the
approach developped in [24], which we briefly recall now. We strongly advise
the reader to get familiar with [24] before reading the full proof of Theorem
1.7, as similar ideas and notations will be used.
We consider the following decomposition of the operator L: we write L
as the rough Laplace operator ∆¯, plus R+, minus R− outside a compact
set (which is small in some sense thanks to condition (K)) perturbed by a
compactly supported part of R−.
More precisely, let K0 be given by condition (K). Let W0 and W∞ be
the sections of the vector bundle End(E) respectively given by
x→W0(x) = 1K0(x)R−(x)
and
x→W∞(x) = 1M\K0R−(x).
We shall also denote by W0 and W∞ the associated operators on sections
of E. Set
H = ∆¯ +R+ −W∞, (1.19)
so that
L = H−W0.
That is, L can be seen as H, perturbed by the compactly supported W0.
According to [24], e−tH has Gaussian estimates, and in [24] it is proved that
if the perturbation W0 substracted from H is “subcritical” –which was also
shown to be equivalent to KerL2(L) = {0} if κ, the exponent from (VLκ), is
greater than 4–, then the operator e−tL also had Gaussian estimates. The
way the Gaussian estimates for e−tL are proved in [24] is through resolvent
estimates: by a general functional analytic principle, in the context of [24,
Theorem 1.1], Gaussian estimates for e−tL are equivalent to the resolvent
estimates
sup
t>0
||(I + tL)−1V 1/p√
t
||p→∞ < +∞, ∀pˆ ≤ p < +∞. (1.20)
In order to prove the resolvent estimates (1.20), a perturbation formula for
the resolvent is used:
(I + tL)−1 = (I − (I + tH)−1tW0)−1(I + tH)−1. (1.21)
Then, it is shown that under the assumption KerL2(L) = {0} (for κ > 4), the
operator (I−(I+ tH)−1tW0)−1, defined as a Neumann series, is a uniformly
bounded (in t) operator on L∞. This relies on the fact that for every λ ≥ 0,
the operator (H+λ)−1W0 has a spectral radius bounded by 1−ε, ε > 0. Let
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us also mention that a crucial technical ingredient for this spectral radius
estimate is that the operator (H + λ)−1W0 is compact on L∞.
Let us now present the main steps for the proof of Theorem 1.7. We will
prove that the Lr → Lr estimates for the kernel of e−tL(I −Π) follow from
similar estimates for e−t(L+αΠ), where α > 0 is a constant whose value will
be chosen small enough later. The point is that by adding αΠ, we have
gained positivity: indeed, the operator L+αΠ has a trivial L2 kernel. Now,
by a general functional-analytic principle similar to [24, Theorem 2.2], in
order to get estimates for the heat operator e−t(L+αΠ), (1.7) follows from
the following estimates for the resolvent of L+ αΠ:
sup
t>0
||(I + t(L+ αΠ))−1V 1/p√
t
||p→∞ < +∞, ∀pˆ ≤ p < +∞. (1.22)
As in [24], in order to obtain (1.22), we write a perturbation formula for the
resolvent:
(I + tL)−1 = (I − (I + tH)−1t(W0 + αΠ))−1(I + tH)−1. (1.23)
Notice that Π enters in the perturbation part now! The main step is then
to prove the uniform boundedness on Ls, 2 ≤ s ≤ q′, of the operator (I −
(I + tH)−1t(W0 + αΠ))−1. This will follow from the fact that the spectral
radius on Ls of (H + λ)−1(W0 + αΠ) is bounded (uniformly in λ ≥ 0) by
1− ε, ε > 0. As before, a crucial ingredient is the compactness on Ls of the
operator (H + λ)−1(W0 + αΠ).
1.6. Plan of the paper. In Section 2, we prove Theorem 1.7. Section 3 is
devoted to the proof of Theorems 1.11 and 1.14. In Section 4, we relate the
condition (Kerq) to the L
2 cohomology, and discuss its significance; Theorem
1.16 is proved. Finally, in Section 5, we study the special case of manifolds
that are locally Euclidean outside a compact set, and prove Theorem 1.23.
2. Proof of Theorem 1.7
First, we recall some notations from [24]. Introduce QH, the quadratic
form associated to H:
QH(ω) =
∫
M
|∇ω|2+ < R+ω, ω > −
∫
M\K0
(R−ω, ω) ,
and denote by H10 the completion of C
∞
0 (E) for the norm ‖ω‖2QH = QH(ω).
Note that the space H10 depends on H, that is on L and on K0. According
to [24, Section 3], there exists a smooth, positive function ρ on M such that∫
M
ρ|ω|2 ≤ QH(ω), ∀ω ∈ C∞0 (E). (2.1)
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In particular, this shows that H10 injects into L
2
loc so it is a function space.
Note that as consequence of (2.1), KerL2(H) = {0}. Indeed, by self-
adjointness, every element ω of KerL2(H) lies in the domain of the quadratic
form QH, and satisfy QH(ω) = 0, which by (2.1) implies that ω ≡ 0. This
allows us to define operators H−α, α > 0, by means of the spectral theorem:
these are defined as f(H), where f(x) = x−α for x > 0, and f(0) = 0; since
KerL2(H) = {0}, the spectral measure does not charge 0, and so the value of
f at 0 does not matter. Equivalently, one can use the heat kernel to define
H−α:
H−α = 1
Γ(α)
∫ ∞
0
tα−1e−tH dt.
In the case α = 12 , there is yet another equivalent way to define H−1/2: the
operator H−1/2, defined by the spectral theorem, is an isometric embedding
from C∞0 endowed with the L
2 norm, to H10 , and thus extends by density
to a bounded operator from L2 to H10 . It turns out that this operator is
a bijective isometry from L2 to H10 , and on H
1
0 ∩ L2 it coincides with the
operator H−1/2 defined by the spectral theorem. See [31, Section 3] for more
details; the proofs are written for the scalar Laplacian, but they easily adapt
to our present context.
Note that under condition (V∞) (which we recall under assumptions (VD)
and (UE) holds if and only if M is non-parabolic), the operator H−1 has
a well-defined, finite kernel outside of the diagonal: indeed, using the fact
that the heat kernel of H has Gaussian estimates, and the formula
H−1 =
∫ +∞
0
e−tH dt,
it follows that for every x 6= y,
||H−1(x, y)||y,x ≤ C
∫ +∞
d2(x,y)
dt
V (x,
√
t)
< +∞.
A consequence of (Kerq) is the following:
Lemma 2.1. Assume that (M,d, µ) is non-parabolic and that (UE), (VD)
and (VLκ) with κ > 4 hold. Assume also that (Kerq) holds for some q ∈
[1, 2). Then, KerH10 (L) = KerL2(L) and for every p ∈ [q,∞],
KerH10 (L) ⊂ L
p.
Proof. The result of [24, Lemma 3.1] implies that KerH10 (L) = KerL2(L),
and that
KerH10 (L) ⊂ L
∞.
The lemma now follows by interpolation.

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Furthermore, according to [24, Proposition 1.2], one has:
Lemma 2.2. Assume that (M,d, µ) satisfies (UE) and (VD). Recall the
exponent κ from (VLκ). Then, if κ > 2, KerL2(L) is finite-dimensional.
We also recall a fact that was used in the proof of [24, Lemma 3.1]:
Lemma 2.3. Assume that M satisfies (VD), (UE), and κ > 4. Then, for
all ω ∈ KerL2(L),
ω = −H−1W0ω.
Having recalled these notations and results from [24], we can turn to
the proof of Theorem 1.7. In light of Lemma 2.2, under the assumptions of
Theorem 1.7 one can take a finite L2-orthonormal basis {ωi}Ni=1 of KerL2(L).
Then, the orthogonal projection Π onto KerL2(L) writes:
Π =
N∑
i=1
〈ωi, ·〉ωi
where 〈·, ·〉 is the L2-scalar product.
To prove Theorem 1.7, we follow the strategy of the proof of [24, Theorem
1.1]. The crucial step will be to get resolvent estimates for the operator
L + αΠ, where α is a small constant to be determined later. The main
technical result that will be used to get these resolvent estimates is the
following:
Proposition 2.4. There exists α > 0 such that, for all λ ≥ 0, and all
s ∈ [2, q′], the operator (I − (H + λ)−1(W0 − αΠ))−1 is well-defined on Ls,
and
sup
λ>0
||(I − (H + λ)−1(W0 − αΠ))−1||s→s < +∞.
The proof of Proposition 2.4 is similar in spirit to the one of [24, Propo-
sition 4.1]. For λ > 0, we define two operators:
Aλ = (H + λ)−1/2(W0 − αΠ)(H + λ)−1/2,
and
Bλ = (H + λ)−1(W0 − αΠ).
Note that the definition of Aλ differs slightly from the one in [24, Section 4],
and is more adapted to our present purposes. In all the proof, s will denote
a real number that belongs to the interval (2, q′]. First, we present a lemma
that will be used several times in the course of the proof of Proposition 2.4:
Lemma 2.5. Let ψ be a function in L∞, compactly supported in K ⋐ M ,
α > 0, and assume that for some (all) y0 ∈ K, and some ∞ ≥ r ≥ s ≥ 1
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∫ +∞
1
tα−1
V (y0,
√
t)1−
1
s
dt < +∞.
Denote by mψ the operator of multiplication by ψ. Then,
sup
λ≥0
||(H + λ)−αmψ||r→s <∞.
In particular, if (V p) is satisfied with p = s, then
sup
λ≥0
||(H + λ)−1W0||s→s <∞.
Proof. Write
(H + λ)−αmψ =
∫ +∞
0
e−tλe−tHmψ tα−1dt.
We split the integral into
∫ 1
0 +
∫ +∞
1 , and estimate both terms. By Ho¨lder,
the integral
∫ 1
0 is estimated by
Vol(K)
rs
r−s ||ψ||∞
∫ 1
0
||e−tH||s→s tα−1dt.
Since e−tH has Gaussian estimates,
sup
t≥0
||e−tH||s→s < +∞,
and it follows that the integral
∫ 1
0 is bounded by a finite constant, indepen-
dent of λ. Concerning the integral
∫∞
1 , it is bounded by
Vol(K)
r
r−1
∫ +∞
1
‖e−tH‖L1(K)→Ls ||ψ||∞ tα−1dt.
Recall that according to [9], since the heat kernel of e−tH has Gaussian
estimates,
sup
t>0
||e−tHV 1−
1
s√
t
||1→s < +∞.
It follows that
||e−tH||L1(K)→Ls ≤
C
V (y0,
√
t)1−
1
s
,
where y0 ∈ K is arbitrary. Then,∫ +∞
1
‖e−tH‖L1(K)→Ls tα−1dt ≤ CK
∫ +∞
1
tα−1
V (y0,
√
t)1−
1
s
dt < +∞.
Hence, the integral
∫∞
1 is also bounded by a finite constant, independent of
λ.

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We now turn to the proof of Proposition 2.4, which will be divided into
a sequence of claims.
CLAIM 1: for every s ∈ [2, q′] and λ ≥ 0, the operator Bλ is compact on
Ls, the map λ 7→ Bλ ∈ L (Ls, Ls) is continuous, and
sup
λ≥0
||Bλ||s→s < +∞, sup
λ≥0
||Bλ||s→2 < +∞.
Proof of Claim 1: we write
Bλ = (H + λ)−1W0 − α(H + λ)−1Π.
The fact that κ > 4 implies that for some ε > 0, (V p) holds for any p ∈
(12 − ε,∞]. Hence, according to Lemma 2.5
sup
λ≥0
||(H + λ)−1W0||s→s < +∞, sup
λ≥0
||(H + λ)−1W0||s→2 < +∞,
and
sup
λ≥0
||(H + λ)−1W0||2−ε→2−ε <∞.
It was proved in [24, Lemma 4.3] that for every λ ≥ 0, the operator
(H + λ)−1W0 is compact on L∞, and that the map λ 7→ (H + λ)−1W0 ∈
L(L∞, L∞) is continuous. By an interpolation argument (see [30, Theorem
1.6.1] for the compactness part), for every λ ≥ 0, the operator (H+λ)−1W0
is compact on Ls, and moreover the map λ 7→ (H+ λ)−1W0 ∈ L (Ls, Ls) is
continuous.
We now turn to the term (H + λ)−1Π. This is a finite rank operator, so
its compactness follows from its boundedness. By Lemma 2.1,
ωi ∈ Ls′ ∩ Ls, ∀i = 1, . . . , N.
The fact that ωi ∈ Ls′ implies that 〈ωi, ·〉 is a bounded linear form on Ls.
In order to prove that
sup
λ≥0
||(H + λ)−1Π||s→s < +∞, sup
λ≥0
||(H + λ)−1Π||s→2 < +∞,
it remains to prove that
sup
λ≥0
(||(H + λ)−1ωi||s + ||(H + λ)−1ωi||2) < +∞, ∀i = 1, . . . , N. (2.2)
Note that for λ > 0,
H(H+ λ)−1 = I − λ(H + λ)−1.
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Given that for every p ∈ [1,∞], supt≥0 ||e−tH||p,p < +∞ (which follows from
the Gaussian estimates of e−tH), and using the formula
(H + λ)−1 =
∫ ∞
0
e−λte−tH dt,
one sees easily that
sup
λ≥0
(
λ||(H + λ)−1||s→s + λ||(H + λ)−1||2→2
)
< +∞.
Therefore,
sup
λ≥0
(||H(H + λ)−1||s→s + ||H(H + λ)−1||2→2) < +∞.
Consequently, writing (H + λ)−1 = H(H + λ)−1H−1, one sees that (2.2) is
equivalent to
H−1ωi ∈ L2 ∩ Ls, ∀i = 1, . . . , N. (2.3)
According to Lemma 2.3,
H−1ωi = −H−2W0ωi.
By Lemma 2.5, the operator H−2W0 is bounded on Ls and on L2, provided
that ∫ ∞
1
t
V (x0,
√
t)1/2
dt < +∞.
Since κ > 8, the above integral is finite; consequently, (2.3) is proved, and
one has shown that
sup
λ≥0
||(H + λ)−1Π||s→s < +∞, sup
λ≥0
||(H + λ)−1Π||s→2 < +∞.
We finally prove that the map λ 7→ (H + λ)−1Π ∈ L (Ls, Ls) is continuous.
Clearly, one needs to prove that for all i = 1, . . . , N , the map λ 7→ (H +
λ)−1ωi ∈ Ls is continuous. Continuity at λ0 > 0 is easy enough: one starts
with writing
(H + λ)−1 − (H + λ0)−1 = (λ− λ0)(H + λ)−1(H + λ0)−1. (2.4)
As was already used above, the fact that e−tH has Gaussian estimates implies
that
sup
λ≥0
λ||(H + λ)−1||s→s < +∞.
Therefore, there is a constant C(λ0) > 0 such that, for all λ ≥ λ02 ,
||(H + λ)−1(H + λ0)−1||s→s ≤ C(λ0).
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Then, (2.4) implies continuity of the map λ 7→ (H + λ)−1Π ∈ L (Ls, Ls) at
λ0 > 0. For the continuity at 0, write that ωi = −H−1W0ωi, so
(H + λ)−1ωi = −(H + λ)−1H−1W0ωi.
Thus,
(H + λ)−1ωi −H−1ωi =
(
λ−1[(H + λ)−1 −H−1] +H−2)W0ωi.
We claim that
lim
λ→0
|| (λ−1[(H + λ)−1 −H−1] +H−2)W0||s→s = 0.
To prove this, we write
(
λ−1[(H + λ)−1 −H−1] +H−2)W0 =
∫ ∞
0
(
e−λt − 1
λ
+ t
)
e−tHW0 dt.
One has ∣∣∣∣e−λt − 1λ + t
∣∣∣∣ ≤ 2t, ∀λ > 0, t > 0.
According to the proof of Lemma 2.5, the fact that s ≥ 2 and the condition
κ > 8 imply that ∫ ∞
0
||e−tHW0||s→s t dt <∞.
Clearly, for every t > 0,
lim
λ→0
e−λt − 1
λ
+ t = 0,
so the dominated convergence theorem implies that
lim
λ→0
|| (λ−1[(H + λ)−1 −H−1] +H−2)W0||s→s = 0.
Hence, the continuity at λ = 0 is proved. 
CLAIM 2: For every λ ≥ 0, the operator Aλ = (H+λ)−1/2(W0−αΠ)(H+
λ)−1/2 is self-adjoint, compact on L2.
Proof of Claim 2: According to [24, Lemma 4.5], the operator (H +
λ)−1/2W0(H + λ)−1/2 is self-adjoint, compact on L2. Thus, it is enough to
show that the operator (H+λ)−1/2Π(H+λ)−1/2 is self-adjoint, compact on
L2. Since Π is a projection, Π2 = Π, so
(H + λ)−1/2Π2(H + λ)−1/2.
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The operator Π(H+λ)−1/2 having finite rank, its compactness follows from
its boundedness, and therefore it is enough to see that the two operators
Π(H + λ)−1/2 and (H + λ)−1/2Π are bounded on L2 and adjoint one to
another. By an argument similar to the proof of Claim 1, using Lemma 2.5
one gets that for all ω ∈ KerL2(L),
sup
λ≥0
||(H + λ)−1/2ω||2 < +∞,
provided
∫ ∞
1
√
t
V (y0,
√
t)1/2
dt < +∞.
Since κ > 8, the above integral is finite. Thus, the operator (H + λ)−1/2Π
is bounded on L2. Concerning the operator Π(H + λ)−1/2, one has, for all
ϕ ∈ C∞0 (E),
Π(H + λ)−1/2ϕ =
N∑
i=1
〈ωi, (H + λ)−1/2ϕ〉ωi.
Since ϕ and ωi, i = 1, . . . , N belong to L
2 ∩ H10 , [31, Lemma 3.1] implies
that
〈ωi, (H + λ)−1/2ϕ〉 = 〈(H + λ)−1/2ωi, ϕ〉.
Note that [31, Lemma 3.1] is written for scalar Schro¨dinger-type operators,
however the arguments adapt easily to treat operators such as H, if one uses
Kato’s inequality
|∇|η‖ ≤ |∇η|, a.e., ∀η ∈ C∞0 (E).
Since (H+λ)−1/2ωi ∈ L2, for all i = 1, . . . , N , one gets by density of C∞0 (E)
in L2(E) that the operator Π(H + λ)−1/2 is bounded on L2, and that for
every ϕ ∈ L2(E),
Π(H + λ)−1/2ϕ =
N∑
i=1
〈(H + λ)−1/2ωi, ϕ〉ωi.
Now, if ψ ∈ L2(E),
〈Π(H + λ)−1/2ϕ,ψ〉 = ∑Ni=1〈(H + λ)−1/2ωi, ϕ〉〈ωi, ψ〉
= 〈ϕ, (H + λ)−1/2Πψ〉.
This shows that the operators Π(H + λ)−1/2 and (H + λ)−1/2Π are adjoint
one to another, which concludes the proof of Claim 2.

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CLAIM 3: If α > 0 is chosen small enough, there exists η ∈ (0, 1) such
that, for all λ ≥ 0,
||Aλ||2→2 ≤ 1− η.
Proof of Claim 3: Write
Aλ = U∗λ(H−1/2(W0 − αΠ)H−1/2)Uλ,
where Uλ = H1/2(H + λ)−1/2. Notice that, since√
x
x+ λ
≤ 1, ∀x ≥ 0, ∀λ ≥ 0,
by the Spectral Theorem the operator Uλ is contractive on L
2. Therefore,
it is enough to prove that for some η ∈ (0, 1) and α > 0 small enough,
||H−1/2(W0 − αΠ)H−1/2||2→2 ≤ 1− η.
By Claim 2, the operator A0 = H−1/2(W0 − αΠ)H−1/2 is self-adjoint and
compact on L2, therefore
||A0||2→2 = max||ϕ||2=1 |〈A0ϕ,ϕ〉|.
But
〈A0ϕ,ϕ〉 = 〈H−1/2W0H−1/2ϕ,ϕ〉 − α〈H−1/2ΠH−1/2ϕ,ϕ〉
= 〈H−1/2W0H−1/2ϕ,ϕ〉 − α||ΠH−1/2ϕ||22,
where in the last equality we have used that
H−1/2ΠH−1/2 = H−1/2Π2H−1/2
= (ΠH−1/2)∗ΠH−1/2
(see the proof of Claim 2). SinceW0 is non-negative, the operatorH−1/2W0H−1/2
is non-negative, and therefore, for ϕ ∈ L2(E),
〈A0ϕ,ϕ〉 ≥ −µ||ΠH−1/2ϕ||22 ≥ −α||ΠH−1/2||22→2||ϕ||22.
Take
α :=
1
2
(1 + ||ΠH−1/2||22→2)−1,
then one gets that for every ϕ ∈ L2(E) such that ||ϕ||2 = 1,
〈A0ϕ,ϕ〉 ≥ −1
2
.
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Thus, in order to conclude the proof, it is enough to see that with the above
choice for α, there exists η ∈ (0, 1) such that, for all ϕ ∈ L2(E),
〈H−1/2W0H−1/2ϕ,ϕ〉 − α||ΠH−1/2ϕ||22 ≤ (1 − η)||ϕ||22.
Let ϕ0 ∈ L2(E) \ {0}, ||ϕ0||2 = 1, such that
〈A0ϕ0, ϕ0〉 = max||ϕ||2=1〈A0ϕ,ϕ〉.
Such a ϕ0 exists by compactness of A0. Now, for any ϕ ∈ L2(E), if one lets
ψ = H−1/2ϕ ∈ H10 , then
〈H−1/2W0H−1/2ϕ,ϕ〉 ≤ δ〈ϕ,ϕ〉 ⇔ 〈H−1/2W0ψ,H1/2ψ〉 ≤ δ〈H1/2ψ,H1/2ψ〉
⇔ 〈W0ψ,ψ〉 ≤ δqH(ψ).
The latter inequality is true with δ = 1 since L = H −W0 is non-negative.
SinceH−1/2W0H−1/2 is self-adjoint, this implies that ||H−1/2W0H−1/2||2→2 ≤
1. The operator H−1/2W0H−1/2 being self-adjoint and compact on L2 by
[24, Lemma 4.5], either there is η ∈ (0, 1) such that
〈H−1/2W0H−1/2ϕ0, ϕ0〉 ≤ (1− η),
or
(I −H−1/2W0H−1/2)ϕ0 = 0.
In the former case, the result of Claim 3 follows, since
〈A0ϕ0, ϕ0〉 ≤ 〈H−1/2W0H−1/2ϕ0, ϕ0〉.
In the latter case, one recalls from [33, Lemma 1] that H−1/2 is an isometry
from KerL2(I −H−1/2W0H−1/2) to KerH10 (L); let us limit ourselves here to
mentioning that this relies on the formula:
L = H1/2(I −H−1/2W0H−1/2)H1/2.
Therefore, if one lets ψ0 := H−1/2ϕ0, then ψ0 ∈ KerH10 (L) = KerL2(L)
(Lemma 2.1), so Πψ0 = ψ0, and
〈A0ϕ0, ϕ0〉 = 1− α||Πψ0||22
= 1− α||ψ0||22.
In this case, one lets
η = min(
1
2
, α||ψ0||22) ∈ (0, 1),
then
ON GRADIENT ESTIMATES FOR THE HEAT KERNEL 35
〈A0ϕ0, ϕ0〉 ≤ 1− η,
which implies by definition of ϕ0 that
max
||ϕ||2=1
〈A0ϕ,ϕ〉 ≤ 1− η.
This concludes the proof of Claim 3.

CLAIM 4: For every λ ≥ 0, the spectral radius rs of Bλ on Ls satisfies
rs ≤ 1− η.
Proof of Claim 4: Since Bλ is compact on Ls, there exists ϕ ∈ Ls \ {0}
such that
Bλϕ = γϕ, |γ| = rs.
That is,
(H + λ)−1(W0 − αΠ)ϕ = γϕ.
According to Claim 1, Bλ is bounded from Ls to L2, therefore ϕ ∈ L2. Next,
γ(H + λ)1/2ϕ = (H + λ)−1/2(W0 − αΠ)ϕ.
It has been proved in the course of the proof of Claim 2 that the operator
(H + λ)−1/2Π is bounded on L2, and according to [24, Lemma 4.5], the
operator (H + λ)−1/2W0 is bounded on L2. Therefore, (H + λ)1/2ϕ ∈ L2.
Then, one writes
γ(H + λ)1/2ϕ = ((H + λ)−1/2(W0 − αΠ)(H + λ)−1/2) (H + λ)1/2ϕ
= Aλ(H + λ)1/2ϕ.
Letting ψ = (H + λ)1/2ϕ ∈ L2, one gets
γψ = Aλψ.
By Claim 3, one obtains rs = |γ| ≤ 1− η.

Proof of Proposition 2.4: The proof now follows along the lines of [24, Propo-
sition 4.1]. For the reader’s convenience, we write the details. One needs to
show that
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sup
λ≥0
||(I − Bλ)−1||s→s < +∞. (2.5)
By Claim 4, for every λ ≥ 0, the spectral radius of Bλ on Ls is less than 1−η.
In particular, 1 does not belong to the Ls-spectrum of Bλ, so (I − Bλ)−1
is well-defined and is a bounded operator on Ls. Since e−tH is uniformly
bounded on Ls, it follows from the formula
(H + λ)−1 =
∫ ∞
0
e−tλe−tH dt
that
sup
λ>0
λ‖(H + λ)−1‖s→s < +∞.
Since W0 is bounded, there exists Λ > 0 such that for every λ ≥ Λ,
‖Bλ‖s→s = ‖(H + λ)−1W0‖s→s ≤ 1
2
. (2.6)
It follows that for every λ ≥ Λ,
‖(I −Bλ)−1‖s→s ≤ 2.
It remains to show that ‖(I−Bλ)−1‖s→s is uniformly bounded for λ ∈ [0,Λ].
For this, it is enough to prove that λ 7→ (I−Bλ)−1 ∈ L (Ls, Ls) is continuous
on [0,∞).
Let λ0 ≥ 0. By Claim 4,
lim
n→+∞ ‖B
n
λ0‖1/ns→s ≤ 1− η,
so there exists N such that ‖BNλ0‖
1/N
s→s ≤ 1− η2 . Hence for some δ ∈ (0, 1),
‖BNλ0‖s→s ≤ 1− δ.
Now we know by Claim 1 that the map λ 7→ Bλ ∈ L (Ls, Ls) is continuous
on [0,∞). Therefore, for λ close enough to λ0, one has
‖BNλ ‖s→s ≤ 1−
δ
2
.
By Claim 1, there is a constant C ≥ 1 such that for every λ ≥ 0,
‖Bλ‖s→s ≤ C.
Thus, for every n ≥ N and λ close to λ0,
‖Bnλ‖s→s ≤ CN
(
1− δ
2
)[n/N ]
.
Thus, the series
∑
n≥0 ‖Bnλ‖s→s converges uniformly for λ close to λ0, and
since λ 7→ Bλ ∈ L (Ls, Ls) is continuous, this implies the continuity of
λ 7→ (I − Bλ)−1 at λ0. The proof of Proposition 2.4 is complete.

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Proof of Theorem 1.7: Given the result of Proposition 2.4, the result of
Theorem 1.7 follows from an iterative argument similar to the one used in
the proof of [24, Theorem 2.1]. For t > 0, let us write the perturbation
formula:
(I + t(L+ αΠ))−1 = (I − (I + tH)−1t(W0 − αΠ))−1(I + tH)−1.
According to [24, Lemma 2.5],
sup
t>0
||(I + tH)−1V
1
r
− 1
s√
t
||r→s < +∞,
for all 1 ≤ r ≤ s ≤ ∞ with 1r − 1s < 2ν . It follows from Proposition 2.4 that
for all s ∈ [2, q′],
sup
t>0
||(I − (I + tH)−1t(W0 − αΠ))−1||s→s < +∞.
Hence, for all 2 ≤ r ≤ s ≤ q′ such that 1r − 1s < 2ν ,
sup
t>0
||(I + t(L+ αΠ))−1V
1
r
− 1
s√
t
||r→s <∞.
Thanks to the uniform volume growth assumption (VU), this is equivalent
to
sup
t>0
V
1
r
− 1
s√
t
||(I + t(L+ αΠ))−1||r→s <∞,
for all 2 ≤ r ≤ s ≤ q′ such that 1r − 1s < 2ν By duality, one also gets
sup
t>0
V
1
r
− 1
s√
t
||(I + t(L+ αΠ))−1||r→s <∞,
for all q ≤ r ≤ s ≤ 2 such that 1r − 1s < 2ν . By interpolation, one obtains
sup
t>0
V
1
r
− 1
s√
t
||(I + t(L+ αΠ))−1||r→s <∞, (2.7)
for all q ≤ r ≤ s ≤ q′ such that 1r − 1s < 2ν . Now, fix 2 ≤ s ≤ q′. We claim
that
sup
t>0
V
1
2
− 1
s√
t
||(I + t(L+ αΠ))−n||2→s <∞, (2.8)
where n is any fixed integer such that
1
2
− 1
s
<
2n
ν
.
Indeed, if n = 1, i.e. 12 − 1s < 2ν , then by (2.7) we are done. If not, let
r0 = 2 < r1 < · · · < rn = s be an increasing sequence such that for every
k = 0, . . . , n− 1,
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1
rk
− 1
rk+1
<
2
ν
.
Thanks to (2.7), one has for every k = 0, . . . , n− 1,
sup
t>0
V
1
rk
− 1
rk+1√
t
||(I + t(L+ αΠ))−1||rk→rk+1 <∞.
Hence,
sup
t>0
V
1
r
− 1
s√
t
||(I + t(L+ αΠ))−n||2→s <∞,
and (2.8) is proved. Now, since the operator L + αΠ is self-adjoint, the
Spectral Theorem implies that the semigroup e−t(L+αΠ) is analytic on the
half-plane {z ∈ C ; Re(z) > 0}, and as a consequence
sup
t>0
||(I + t(L+ αΠ))ne−t(L+αΠ)||2→2 < +∞.
Writing
e−t(L+µΠ) = (I + t(L+ αΠ))−n(I + t(L+ αΠ))ne−t(L+αΠ),
one gets from (2.8) that
sup
t>0
V
1
2
− 1
s√
t
||e−t(L+αΠ)||2→s <∞, (2.9)
for all 2 ≤ s ≤ q′.
Since L and Π commute, and Π2 = Π, one finds
e−t(L+αΠ) = e−tLe−tαΠ
= e−tL(I + (e−tα − 1)Π)
Notice that
I −Π = (I + (e−tα − 1)Π)(I −Π),
so (2.9) implies that
sup
t>0
V
1
2
− 1
s√
t
||e−tL(I −Π)||2→s <∞, ∀2 ≤ s ≤ q′. (2.10)
By duality and the fact that L and Π commute, (2.10) yields
sup
t>0
V
1
r
− 1
2√
t
||e−tL(I −Π)||r→2 <∞, ∀q ≤ r ≤ 2. (2.11)
By composition of (2.10) and (2.11) and doubling, one obtains
sup
t>0
V
1
r
− 1
s√
t
||e−tL(I −Π)||r→s <∞, ∀q ≤ r ≤ 2 ≤ s ≤ q′. (2.12)
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CLAIM: the semi-group e−tL is bounded on Lp, for any p ∈ [q, q′].
Postponing for the moment the proof of the above claim (see Proposition
2.6), let us finish the proof of the first part of Theorem 1.7. The claim,
together with the fact that the projector Π is bounded on Lp for p ∈ [q, q′]
implies that e−tL(I −Π) is bounded on Lp for p ∈ [q, q′]. Interpolating this
with (2.12) yields
sup
t>0
V
1
r
− 1
s√
t
||e−tL(I −Π)||r→s <∞, ∀q ≤ r ≤ s ≤ q′,
which proves the first part of Theorem 1.7.
Concerning the second part, we assume that q = 1, and we denote by
kt(x, y) the kernel of e
−tL(I −Π). Since
e−tL(I −Π) = (I −Π)e−tL(I −Π) = (I −Π)e−tL,
the kernel kt(x, y) satisfies the semigroup property, and is symmetric in the
following sense:
kt(x, y) = kt(y, x)
∗.
Thus, ∫
M ||kt(x, y)||2y,x dµ(y) =
∫
M Tr (kt(x, y)kt(x, y)
∗) dµ(y)
=
∫
M Tr (kt(x, y)kt(y, x)) dµ(y)
= Tr
(∫
M kt(x, y)kt(y, x) dµ(y)
)
= Tr (k2t(x, x))
Also, kt(x, x) is non-negative and self-adjoint, therefore
Tr kt(x, x) ≥ ||kt(x, x)||x,x.
As a consequence, by (VD) the L2 → L∞ estimate:
sup
t>0
||V −
1
2√
t
e−tL(I −Π)||2→∞ <∞ (2.13)
is equivalent to the on-diagonal estimates (1.8) for the kernel kt(x, y) of the
operator e−tL(I −Π). The proof is complete.

The following proposition has been used in the proof of Theorem 1.7:
Proposition 2.6. Assume that M satisfies (VD) and (UE). Let E be a
vector bundle with basis M , endowed with a connection ∇ compatible with
the metric, and let
L = ∇∗∇+R+ −R−
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be a non-negative generalised Schro¨dinger operator on E. Let Π be the L2
orthogonal projection onto KerL2(L). Assume that for some p ∈ [1, 2),
sup
t>0
∥∥∥∥V 1p− 12√t e−tL(I −Π)
∥∥∥∥
p→2
<∞.
Assume also that Π is bounded on Lp. Then, the semi-group e−tL is uni-
formly bounded on Lp.
Proof. The proof relies on ideas from [28] and [9]. The starting point is the
following formula (see the proof of [9, Proposition 4.1.6]):
e−tL =
∫ ∞
0
sa+
1
2Fa(
√
stL)e− s4 ds, (2.14)
where the function Fa is (up to a multiplicative constant) the inverse Fourier
transform of the function (1 − t2)a+, a > 0. Since the function (1 − t2)a+ is
even and has support included in [−1, 1], it follows from the finite speed
(= 1) propagation property for the wave equation of L (see [52, Theorem 2]
and [24, Section 8.3]) that for every r > 0,
supp(Fa(r
√
L)) ⊂ Dr, (2.15)
where Dr is the following neighborhood of the diagonal:
Dr = {(x, y) ∈M ×M ; d(x, y) ≤ r}.
See [9, Lemma 4.1.3]. Clearly, according to (2.14), it is enough to prove that
for some a > 0,
sup
r>0
||Fa(r
√
L)||p→p < +∞. (2.16)
First, we prove that for N > ν2
(
1
p − 12
)
, where ν is the doubling exponent
from (VDν), there holds:
sup
t>0
∥∥∥∥V 1p− 12√t (I + tL)−N (I −Π)
∥∥∥∥
p→2
< +∞. (2.17)
For this, we write
V
1
p
− 1
2√
t
(I + tL)−N = 1Γ(N)
∫∞
0 V
1
p
− 1
2√
t
e−s(I+tL) sN−1 ds
= 1Γ(N)
∫∞
0
(
V√t
V√ts
) 1
p
− 1
2
V
1
p
− 1
2√
st
e−stL sN−1e−s ds
By doubling,
V√t
V√ts
≤ max(1, s−ν/2)
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(note that the estimate is trivial when s ≥ 1). Let δ = ν2
(
1
p − 12
)
. Using
the assumption on the heat semi-group, one gets
∥∥∥∥V 1p− 12√t (I + tL)−N (I −Π)
∥∥∥∥
p→2
.
∫ ∞
0
sN−1max(s−δ, 1) e−s ds < +∞,
since N has been assumed to be strictly greater than δ, hence (2.17). Now,
write, for some fixed N > δ,
V
1
p
− 1
2
r Fa(r
√
L)(I−Π) =
(
V
1
p
− 1
2
r (I + r
2L)−N (I −Π)
)(
Fa(r
√
L)(I + r2L)+N
)
.
According to (2.17), the first factor is bounded as an operator from p to 2,
uniformly in r > 0. In order to deal with the second factor, note that if
a > 2N , the function (1 − t2)a+ is in C2N+10 (R), hence its inverse Fourier
transform Fa(λ) is smooth and decays at a polynomial rate of order 2N ,
hence
sup
λ≥0
|Fa(λ)(1 + λ2)N | < +∞.
The Spectral Theorem then implies that
sup
r>0
∥∥∥Fa(r√L)(I + r2L)N∥∥∥
2→2
< +∞.
Finally, one gets that for a > 2N ,
sup
r>0
∥∥∥∥V 1p− 12r Fa(r√L)(I −Π)
∥∥∥∥
2→p
< +∞. (2.18)
We are now in position to prove the uniform boundedness on Lp of Fa(r
√L),
following the ideas in the proof of [28, Corollary 4.16]. Take a maximal
sequence (xn)n∈N such that the balls B(xk, r2 ) are disjoint. By doubling,
there exists D ∈ N∗ such that every x ∈M is contained in at most D balls
B(xk, r). Let χk be the characteristic function of the set Bk := B(xk, r) \
∪k−1i=0B(xi, r). Clearly, the sets Bk are disjoint, and
M = ∪∞k=0Bk.
We also set rkl = d(Bk, Bl). Notice that since Π is bounded on L
p, and
Fa(r
√L)Π = Fa(0)Π is bounded uniformly in r > 0, the uniform bounded-
ness on Lp of Fa(r
√L) is equivalent to that of Fa(r
√L)(I −Π). Using that
1 =
∑∞
i=0 χi and the supports of χi are disjoint, one has by Minkowski’s
inequality:
∥∥∥Fa(r√L)(I −Π)ω∥∥∥p
p
≤
∞∑
k=0
( ∞∑
l=0
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
||χlω||p
)p
.
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Applying the following elementary inequality (see [28, Equation 4.42]):
∞∑
k=0
( ∞∑
l=0
|ck,l||al|
)p
≤ max
(
sup
l
∞∑
k=0
|ck,l|, sup
k
∞∑
l=0
|ck,l|
) ∞∑
l=0
|al|p,
with the choices ck,l =
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
, al = ||χlω||p, one gets
∥∥∥Fa(r√L)(I −Π)ω∥∥∥p
p
≤ ||ω||ppmax
(
supl
∑∞
k=0
∥∥χke−tL(I −Π)χl∥∥p→p ,
supk
∑∞
l=0
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
)
,
Hence,
∥∥∥Fa(r√L)(I −Π)∥∥∥p
p→p
≤ max
(
supl
∑∞
k=0
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
,
supk
∑∞
l=0
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
)
,
and in order to prove uniform boundedness of Fa(r
√L)(I − Π) on Lp, it is
enough to prove that the above maximum is uniformly bounded. The proofs
that the supremum in k or in l is finite being similar, we choose to explain
only why the supremum in l is finite. For this, we split the sum in k into
two parts, an on-diagonal one and an off-diagonal one:
∞∑
k=0
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
=
∑
rkl≤2r
(· · · ) +
∑
rkl>2r
(· · · ) = I + II.
The on-diagonal part will be taken care of using (2.18). Notice that by
doubling, the number of terms in the sum I is finite, and bounded in-
dependently of r. Hence, it is enough to control individually each term∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
, rkl ≤ 2r of the sum. By Ho¨lder inequality and
doubling,
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
≤ V (xk, r)
1
p
− 1
2
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→2
.
∥∥∥∥V 1p− 12r Fa(r√L)(I −Π)χl
∥∥∥∥
p→2
,
which is uniformly bounded by assumption. Hence, the on-diagonal term I
is uniformly bounded.
Let us now deal with the off-diagonal part II. Notice that, since the sets
Bk are disjoint,
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∞∑
k=0
‖χkΠχl‖p→p = ‖Πχl‖p→p ≤ ‖Π‖p→p < +∞,
so that, using Fa(r
√L)Π = Fa(0)Π, one gets
∑
k≥0, rkl>2r
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
≤ |Fa(0)| ‖Π‖p→p+
∑
k≥0, rkl>2r
∥∥∥χkFa(r√L)χl∥∥∥
p→p
.
However, according to (2.15), if rkl > r then χkFa(r
√L)χl ≡ 0. Hence, one
gets
∑
k≥0, rkl>2r
∥∥∥χkFa(r√L)(I −Π)χl∥∥∥
p→p
≤ |Fa(0)| ‖Π‖p→p ,
which is finite, and bounded independently of r. Hence, the off-diagonal
term II is uniformly bounded. Finally, we have proved that for a > ν
(
1
p − 12
)
,
sup
r>0
∥∥∥Fa(r√L)∥∥∥
p→p
< +∞,
and it follows that
sup
t>0
∥∥e−tL∥∥
p→p < +∞.
This concludes the proof.

3. Proof of Theorems 1.11 and 1.14
Before embarking on the proofs, let us present the proof of Propositions
1.12 and 1.10. We start with Proposition 1.12.
Proof of Proposition 1.12:
In all the proof, for simplicity of notations one denotes ~∆ for the Hodge
Laplacian acting on ΛkT ∗M , without specifying the measure µ or the degree
of the form k. We start with the proof of (i). Thus, we assume that ( ~G2,s)
holds for some s > 2, and one wishes to prove its off-diagonal counterpart
( ~Goff2,s). Let x, y ∈ M , denote r = 4d(x, y), and let f1 ∈ L2, f2 ∈ Ls
′ ∩ L2
smooth, and supp(f1) ⊂ B(y, r), supp(f2) ⊂ B(x, r). Consider the analytic
function
F (z) := 〈f2, (d + d∗)e−z~∆f1〉, Re(z) ≥ 0.
(here, if f1 is a k-form, then f2 = η2 ⊕ ω2 is the sum of a k − 1 and a
k + 1-form). Since ~∆ is self-adjoint, it follows from the Spectral Theorem
that for some constant A > 0,
|F (z)| ≤ A||f1||2||dη2 + d∗ω2||2, Re(z) ≥ 0.
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Therefore, F (z) is bounded in the right half-plane. According to the Davies-
Gaffney estimates (see [2, Lemma 3.8]), one can assume that A is chosen
large enough so that, for some constant C > 0,
|F (t)| ≤ A√
t
e−
r2
Ct ||f1||2||f2||2, ∀t > 0.
Let γ = r
2
C . Up to increasing the value of the constants A and C, one can
assume that
|F (t)| ≤ Ar−1e− γt ||f1||2||f2||2, ∀0 < t ≤ γ.
For Re(z) > 0, write z = t+ is, and denote α = 12 − 1s > 0; then,
F (z) = 〈f2, (d+ d∗)e−t~∆eis~∆f1〉.
= 〈V −α√
t
f2, V
α√
t
(d+ d∗)e−t~∆eis~∆f1〉
= V (x, r)−α〈
(
V (x,r)
V√t
)α
f2, V
α√
t
(d+ d∗)e−t~∆eis~∆f1〉
Write z = t + is, and let us assume that Re
(γ
z
) ≥ 1. This implies in
particular that t ≤ γ. By doubling, one then has
V (x, r)
V (w,
√
t)
.
(
r2
t
)ν/2
, ∀w ∈ supp(f2) ⊂ B(x, r).
Since ||eis~∆||2→2 ≤ 1 by self-adjointness, it follows from ( ~G2,s) that, for some
constant A > 0, and for Re
(γ
z
) ≥ 1,
|F (z)| ≤ A√
t
(
r2
t
)αν/2
V (x, r)−α||f1||2||f2||s′
≤ Ar−1
(
r2
t
)(αν+1)/2
V (x, r)−α||f1||2||f2||s′
Hence,
|F (z)| ≤ Ar−1V (x, r)−α
(
Re(z)
γ
)−(να+1)/2
||f1||2||f2||s′ , Re
(γ
z
)
≥ 1.
According to [28, Proposition 2.3], one gets
|F (z)| . Ar−1V (x, r)−α
(
γ
|z|
)αν+1
exp
(
−Re
(γ
z
))
||f1||2||f2||s′ , Re
(γ
z
)
≥ 1.
Specializing to z = t > 0, one obtains
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|F (t)| . r−1V (x, r)−α
(
r2
t
)−να−1
e−
r2
Ct ||f1||2||f2||s′ , 0 < t ≤ r
2
C
,
which easily yields by doubling (with a different constant C)
|F (t)| . 1√
t
V (x,
√
t)−αe−
r2
Ct ||f1||2||f2||s′ , 0 < t ≤ r
2
C
,
Hence, ∣∣∣〈f2, (d + d∗)e−t~∆f1〉∣∣∣ . 1√
t
V (x,
√
t)−αe−
r2
Ct ||f1||2||f2||s′ .
Since the set of smooth f2 ∈ L2 ∩ Ls′ with support in B(x, r) is dense in
Ls
′
(B(x, r)), one finds that
||
√
t(d+ d∗)e−t~∆||Lr(B(y,r))→Ls(B(x,r)) . V (x,
√
t)−αe−
r2
Ct , 0 < t ≤ r
2
C
.
Since B(x,
√
Ct) ⊂ B(x, r) and B(y,√Ct) ⊂ B(y, r) for t ≤ r2Ct , changing t
into C−1t easily yields ( ~Goff2,s) for t ≤ r2. However, ( ~Goff2,s) for t ≥ r2 follows
directly from ( ~G2,s) , so (i) is proved.
The proof of (ii) and (iii) is identical to the one of [28, Corollary 4.16],
replacing e−zL there by
√
t(d + d∗)e−t~∆. The only point to notice is that
the off-diagonal Davies-Gaffney estimates for
√
t(d+d∗)e−t~∆ hold according
to [2, Lemma 3.8]. We leave the details to the reader. Contrary to [28,
Corollary 4.16], one cannot get the full interval [q, q′] for ( ~Gp), because the
duality argument is not applicable.

Proof of Proposition 1.10:
Proposition 1.10 follows from the more general Proposition 1.12, except
for the first point (i), where it is not assumed that either r nor s is equal to
2. For the proof of (i), we follow the proof of Proposition 1.12, (i), keeping
the same notations. We assume that (Gr,s) holds for some 1 ≤ r ≤ s ≤ ∞,
and one wishes to prove its off-diagonal counterpart (Goffr,s). Let x, y ∈ M ,
denote r = 4d(x, y), and let f ∈ Lr∩L2, X ∈ Ls′∩L2, X smooth vector field,
and supp(f) ⊂ B(y, r), supp(X) ⊂ B(x, r). Consider the complex-valued
function
F (z) := 〈X,∇e−z∆f〉, Re(z) ≥ 0.
By argument similar to the proof of Proposition 1.12, one has
|F (z)| ≤ A||f ||||divX||, Re(z) ≥ 0,
and
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|F (t)| ≤ Ar−1e− γt ||f ||2||X||2, ∀0 < t ≤ γ,
where where γ = r
2
C . We claim that the following estimate holds:
|F (z)| ≤ Ar−1−ν/2V (x, r)−α|z|ν
(
Re(z)
γ
)−(να+2ν+1)/2
||f ||r||X||s′ , Re
(γ
z
)
≥ 1.
(3.1)
In order to prove (3.1), we will use the fact that, according to [28, Corollary
4.5], if pz(x, y) is the heat kernel of e
−z∆, Re(z) ≥ 0, then by (VDν) and
(UE), for every v,w ∈M and Re(z) > 0,
|pz(v,w)| .
( |z|
Re(z)
)ν 1
V (w, (Re(1/z))−1/2)
exp
(
−Re
(
d2(v,w)
Cz
))
.
(3.2)
The estimate (3.2) implies by standard arguments using (VD) that for every
p ∈ [1,∞],
||e−z∆||p→p .
( |z|
Re(z)
)ν
, Re(z) > 0. (3.3)
We now assume that Re
(γ
z
) ≥ 1, write z = t+ is, then
F (z) = 〈f2,∇e−
t
2
∆e−(
t
2
+is)∆f1〉.
By (3.3) and (Gr,s), we get as in the proof of Proposition 1.12, that for
Re
(γ
z
) ≥ 1,
|F (z)| ≤ A
( |z|
Re(z)
)ν
r−1V (x, r)−α
(
Re(z)
γ
)−(να+1)/2
||f ||r||X||s′
≤ Ar−1−2νV (x, r)−α|z|ν
(
Re(z)
γ
)−(να+2ν+1)/2
||f ||r||X||s′
Hence, (3.1) is proved. According to [28, Proposition 2.4] with the choice
exp(g(z)) = zν for Re(z) ≥ 0, one gets for Re (γz ) ≥ 1,
|F (z)| . A|z|νr−1−2νV (x, r)−α
(
γ
|z|
)αν+2ν+1
exp
(−Re (γz )) ||f ||r||X||s′
. Ar−1V (x, r)−α
(
γ
|z|
)αν+ν+1
exp
(−Re (γz )) ||f ||r||X||s′
From this point, the rest of the proof is identical to that of Proposition 1.12,
and is skipped.

In the proof of Theorem 1.14, the following lemma will be key:
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Lemma 3.1. Let (M,µ) be a complete weighted Riemannian manifold, k ≥
1 be an integer, and α ∈ L2(ΛkT ∗M) ∩ C∞(ΛkT ∗M). Let Πk be the L2
orthogonal projection onto KerL2(~∆k,µ). Then, for every t ≥ 0,
Πk(de
−t~∆k,µα) = 0,
and
Πk−1(d∗e−t
~∆k,µα) = 0.
Proof. Let η = e−t~∆k,µα, ω = dη and χ = d∗η. Then, η ∈ L2, and η is in
the domain of ~∆k,µ. But since M is complete, one has
(~∆k,µη, η)L2 = ||dη||22 + ||d∗η||22.
Hence, ω ∈ L2 and χ ∈ L2. We claim that ω belongs to dC∞0 (ΛkT ∗M)
L2
,
and χ belongs to d∗C∞0 (ΛkT ∗M)
L2
. To see this, let p ∈ M and {ϕn}n∈N
be a sequence of smooth, compactly supported functions on M , such that
ϕn|B(p,n) = 1, 0 ≤ ϕn ≤ 1, and such that for some constant C > 0, |dϕn| ≤
C. Let ωn = d(ϕnη), and χn = d
∗(ϕnη). Since
ωn = dϕn ∧ η + ϕnω,
and
χn = ϕnχ− intdϕnη,
it is easy to see that ωn → ω and χn → χ in L2. But ωn belongs to
dC∞0 (Λ
kT ∗M), and χn belongs to d∗C∞0 (Λ
kT ∗M), hence the claim is proved.
Since M is complete, the Hodge-De Rham decomposition writes:
L2(ΛkT ∗M) = KerL2(~∆k,µ)⊕⊥ dC∞0 (M)
L2 ⊕⊥ d∗C∞0 (Λ2T ∗M)
L2
.
The projection Πk is precisely the projection on the first factor of the above
orthogonal decomposition. Since ω belongs to dC∞0 (ΛkT ∗M)
L2
, it follows
that
Πkω = 0.
Using the Hodge-De Rham decomposition for L2(Λk−1T ∗M), we see in a
similar way that Πk−1χ = 0.

Proof of Theorem 1.14:
The assumptions together with Theorem 1.7 imply in particular that for
all q ≤ r ≤ s ≤ q′,
sup
t>0
||V
1
r
− 1
s√
t
e−t~∆k+1,µ(I −Πk+1)||r→s < +∞ (3.4)
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and
sup
t>0
||V
1
r
− 1
s√
t
e−t~∆k,µ(I −Πk)||r→s < +∞. (3.5)
We first claim that for every s ∈ [2, q′],
sup
t>0
||V
1
2
− 1
s√
t
√
tde−t~∆k,µ ||2→s < +∞, (3.6)
and
sup
t>0
||V
1
2
− 1
s√
t
√
td∗e−t~∆k,µ ||2→s < +∞. (3.7)
Let α ∈ C∞0 (ΛkT ∗M). According to (3.4),
||V
1
2
− 1
s√
t
e−t~∆k+1,µ(I−Πk+1)
[√
tde−t~∆k,µ(I −Πk)α
]
||s . ||
√
tde−t~∆k,µ(I−Πk)α||2.
(3.8)
But one has
e−t~∆k+1,µ(I −Πk+1)
[
de−t~∆k,µ(I −Πk)α
]
= e−t~∆k+1,µ(I −Πk+1)
[
de−t~∆k,µα
]
= de−2t~∆k,µα,
where in the first equality we have used that e−t~∆k,µΠk = Πk and dΠk = 0,
and in the second inequality we have used that Πk+1de
−t~∆k,µα = 0 according
to Lemma 3.1. On the other hand, since de−t~∆k,µΠk = e−t
~∆k+1,µdΠk = 0,
one has
||√tde−t~∆k,µ(I −Πk)α||2 = ||
√
tde−t~∆k,µα||2
≤ √t
(
||de−t~∆k,µα||22 + ||d∗µe−t~∆k,µα||22
)1/2
≤ 〈t~∆k,µe−t~∆k,µα,α〉1/2
. ||α||2.
Therefore, according to (3.8), one obtains
||V
1
2
− 1
s√
t
√
tde−2t~∆k−1,µα||s . ||α||2,
and using the doubling property, we get (3.6). The proof of (3.7) is com-
pletely similar, using (3.5) instead of (3.4), and is skipped.
As a consequence of (3.6) and (3.7), one concludes that ( ~G2,s) holds, for
all s ∈ [2, q′]. By a duality argument, using the hypothesis on the kernel
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of harmonic forms of degree k − 1, one concludes that ( ~Gr,2) holds too, for
all r ∈ [q, 2]. According to Proposition 1.12, one concludes first that the
off-diagonal versions ( ~Goff2,s) and (
~Goffr,2) hold, for any q ≤ r ≤ s ≤ q′, and
then that for every p ∈ [q, q′], ( ~Gp) holds. By interpolation between ( ~Gp)
and ( ~G2,s), ( ~Gr,2), q ≤ r ≤ 2 ≤ s ≤ q′, p ∈ [q, q′], one obtains that ( ~Gr,s)
holds for all q ≤ r ≤ s ≤ q′. The proof is complete.

Proof of Theorem 1.11:
The first part of Theorem 1.11, that is the part for q > 1, is a particular
case of Theorem 1.14. It remains to explain why (G) holds true, in the case
q = 1. First of all, in this case, according to Theorem 1.14, one gets (G1,∞).
According to Proposition 1.10, (Goff1,∞) follows. That is,
V (x,
√
t)||χB(x,√t)
√
t∇e−t∆χB(y,√t)||1→∞ . e−
d2(x,y)
Ct , t > 0, x, y ∈M.
But using the well-known fact that L1 → L∞ estimates are equivalent to
pointwise estimates on the kernel, one concludes that (G) holds.

4. L2-cohomologies and the condition (Kerq)
In this section, we explain how the assumption (Kerq) is related to the
L2 cohomology. The classical De Rham theorem asserts that, on a smooth
compact Riemannian manifold, the cohomology with real coefficients can
be computed using differential forms, and more precisely that Hk(M,R) is
isomorphic to the quotient
{α ∈ C∞(ΛkT ∗M) ; dα = 0}
dC∞(Λk−1T ∗M)
.
Furthermore, by the Hodge theorem if M is compact without boundary,
then the space of (L2) harmonic k-forms is isomorphic to Hk(M,R). How-
ever, if M is non-compact, in general these cohomology spaces have infinite
dimension. Thus, alternative cohomologies have to be defined. We recall the
definition of two cohomologies for M , the reduced L2 cohomology and the
cohomology with compact support, for more details and references see [16].
Firstly, Hkc (M), the space of cohomology with compact support of degree k,
is defined as the quotient of
Zkc (M) = Ker{d : C∞0 (ΛkT ∗M)}
by
Bkc (M) = dC
∞
0 (Λ
kT ∗M).
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Secondly, Hk(2)(M), the space of L
2 reduced cohomology of degree k, is defined
as the quotient of
Zk(2)(M) = {α ∈ L2(ΛkT ∗M) ; dα = 0}
by
Bk(2)(M) = dC
∞
0 (Λ
kT ∗M)
L2
.
Note that in the definition of Zk(2)(M), the equation dα = 0 is intended in
the weak sense. Given that
Bkc (M) ⊂ Bk(2)(M),
there is a natural map from Hkc (M) into H
k
(2)(M), that associates to each
[η]c, η ∈ C∞0 , its class [η](2) in L2 reduced cohomology. In [16], one finds
geometric conditions ensuring that the map H1c (M)→ H1(2)(M) is injective,
for example it is the case if all the ends of M are non-parabolic. In the
spirit of Hodge theorem, the spaces of L2 reduced cohomology have an in-
terpretation in terms of harmonic forms. Let H k(M) denotes the space of
L2 harmonic k-forms, i.e.
H
k(M) = {α ∈ L2(ΛkT ∗M) ; dα = 0, d∗α = 0}.
It is well-known that ifM is complete, then there is a Hodge decomposition:
L2(ΛkT ∗M) = H k(M)⊕⊥ dC∞0 (Λk−1T ∗M)
L2 ⊕⊥ d∗C∞0 (Λk+1T ∗M)
L2
,
and that moreover
H
k(M) = {α ∈ ΛkT ∗M ; ~∆kα = 0},
where ~∆k = dd
∗+d∗d is the Hodge Laplacian acting on k-forms. The Hodge
decomposition readily implies that
H
k(M) ≃ Hk(2)(M).
In the case M has a boundary, additional boundary conditions for harmonic
forms have to be introduced in order that the above equality holds (see [16]).
Moreover, it turns out that all the above-mentioned results concerning L2-
cohomology (including the Hodge decomposition) also hold in the weighted
setting (see [10]).
Proof of Theorems 1.16 and 1.17: Under the assumptions of Theorem 1.16,
the volume estimates
V (x, r) ≃ rn, ∀r > 0 (4.1)
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hold, according to [18]. It is thus clear that Theorem 1.16 follows from
Theorem 1.17. So, it is enough to prove Theorem 1.17.
According to [34, Proposition 6.7], under our assumptions the potential
W (x) = ||Rk(x)||x belongs to the Kato class at infinity, i.e.
lim
r→∞ supx∈M
∫
M\B(x0,r)
G(x, y)W (y) dy = 0.
Let us fix a radius R such that
sup
x∈M
∫
M\B(x0,R)
G(x, y)W (y) dy < 1,
and denote
R−,0(x) = 1B(x0,R)(x)Rk(x),
and
R−,∞(x) = 1M\B(x0,R)(x)Rk(x).
As in [24], let
H = ∇∗∇+R+ −R−,∞,
and
W0 = R−,0,
Let ω ∈ KerL2(~∆). Then, by Lemma 2.3,
ω = −H−1W0ω.
By [24, Proposition 2.3], the semi-group e−tH has Gaussian heat kernel
estimates. The volume assumption (4.1) on M implies by integration that
the Green operator H−1 has a kernel h(x, y) satisfying:
||h(x, y)||y,x . d(x, y)2−n, ∀x, y, d(x, y) ≥ 1.
Thus, since W0 is compactly supported,
|ω(x)| . d(x0, x)2−n. (4.2)
By the volume assumption (4.1), we deduce from the above estimate that ω
is in Lq for all q ∈ ( nn−2 , 2). We claim that one can improve this to get the
interval ( nn−1 , 2). The Bochner formula
~∆kω = −Tr∇2ω + Rkω
implies, since ω is harmonic, that
− 1
2
∆|ω|2 = |∇ω|2 + (Rkω, ω). (4.3)
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Recall the refined Kato inequality for harmonic k-forms (see [23, Theorem
3.8]),
|∇ω|2 ≥ κ|∇|ω||2,
with
κ =


n−k+1
n−k , 1 ≤ k ≤ n2
k+1
k ,
n
2 ≤ k ≤ n− 1
Thus, by (4.3),
|ω|∆|ω|+ (Rkω, ω) ≤ (1− κ)|∇|ω||2. (4.4)
Let α > 0, ϕα := |ω|α, and Vα(x) := α||Rk(x))||x,x. Then one gets from
(4.4) that
(∆ − Vα)ϕα ≤ α ((1− κ)− (α− 1)) |ω|α−2|∇|ω||2.
Hence, for α = 2− κ, denoting V = V2−κ and ϕ = ϕ2−κ, we get
(∆− V )ϕ ≤ 0. (4.5)
Let V∞(x) := 1B(x0,r)(x)V (x), where the radius r > 0 is chosen so that
sup
x∈M
∫
M\B(x0,r)
G(x, y)V (y) dy < 1,
which is possible since V belongs to the Kato class at infinity. Then, ϕ is
a subsolution of P = ∆ − V∞ outside a compact set, and furthermore by
(4.2),
lim
x→∞ϕ(x) = 0.
We claim that there exists a constant C > 0 such that
ϕ(x) ≤ CGP (x, x0), d(x, x0) ≥ 2r, (4.6)
where GP is the positive minimal Green function of P . Note that by [24,
Proposition 2.3], the operator P is non-negative and the semi-group e−tP
has Gaussian heat kernel estimates, thus by the volume assumption (4.1),
GP exists and is finite, and one has
GP (x, y) . d(x, y)
2−n. (4.7)
According to [34, Theorem 3.2], there exists h such that (∆−V∞)h = 0 and
for some constant C > 0,
C−1 ≤ h ≤ C.
Let U be a smooth domain such that B(x0, r) ⊂ U ⊂ B(x0, 2r). Denote
w(x) = GP (x, x0), and let {Ωn}n∈N be an exhaustion of M by smooth
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domains, such that U ⊂ Ω0. Let wn be the Green function of P on Ωn with
pole at x0 and Dirichlet boundary conditions on ∂Ωn. By the maximum
principle, the sequence {wn}n∈N is increasing, and converges pointwise to
w. Denote
c = max
x∈∂U
ϕ(x)
w(x)
,
and let ε > 0. Since h ≃ 1 and ϕ tends to zero at infinity, there exists N ∈ N
such that, for n ≥ N ,
ϕ(x) ≤ εh(x), ∀x ∈ ∂Ωn.
By the maximum principle, we thus obtain that for every n ≥ N ,
ϕ(x) ≤ (c+ 1)wn(x) + εh(x), ∀x ∈ Ωn \ U.
Letting n→∞, we obtain
ϕ(x) ≤ (c+ 1)w(x) + εh(x), ∀x ∈M \ U.
Letting ǫ→ 0, we get (4.6) with C = c+ 1.
Now, (4.6) and the estimate (4.7) of GP imply that
|ω(x)| . d(x, x0)
2−n
2−κ ,
which, taking into account the fact that M has Euclidean volume growth,
easily yields
ω ∈ Lq, ∀q ∈ (q∗, 2).
Thus, we have proved that
KerL2(~∆) ⊂ Lq, ∀q ∈ (q∗, 2) .

In the rest of the article, we focus on the gradient estimates of the scalar
heat kernel. As explained in the introduction, our goal will be to improve
the result of Corollary 1.19, under additional assumptions on the geometry
of the manifolds at infinity. This will be done in the next section. For the
moment, we content ourselves to present general results pertaining to the
condition (Kerq) for the Hodge Laplacian on 1-forms. We first present a
kind of converse to Theorem 1.11:
Proposition 4.1. Assume that (M,d, µ) is a complete, non-parabolic weighted
Riemannian manifold satisfying (VD) and (P ). Assume that (Gp) holds for
some p ∈ (2,∞], and that every class [α](2) in the cohomology space H1(2)(M)
has a representative α in L2 ∩ Lp′. Then, for every q ∈ (p′, 2), (Kerq) for
L = ~∆µ, the weighted Hodge Laplacian on 1-forms, holds, i.e.
KerL2(~∆µ) ⊂ Lq.
54 BAPTISTE DEVYVER
Remark 4.2. (i) The assumption on the cohomology classes in partic-
ular holds if the map H1c (M) → H1(2)(M) is surjective. This is true
for example if M is Euclidean outside a compact set (see Theorem
5.1).
(ii) As the proof will show, instead of assuming (P ) and (Gp), one can
assume instead that the Riesz transform is bounded on Lp and Lp
′
.
Proof. Let ω ∈ KerL2(~∆) = H 1(M), then the assumption made on the
cohomology classes implies that there exists η ∈ L2 ∩ Lp′ such that
[η](2) = [ω](2).
Equivalently, if one lets ϕ = η − ω, then
ϕ ∈ dC∞0 (M)
L2
.
So,
η = ω + ϕ
is the Hodge decomposition of η, and this implies that
Pη = ϕ,
where
P = d∆−1d∗
is the Hodge projector onto the space of exact forms dC∞0 (M)
L2
. Notice
that one can write P as
P = (d∆−1/2)(d∆−1/2)∗.
According to [25] and [1], the assumptions of Proposition 4.1 imply that the
Riesz transform d∆−1/2 is bounded on Ls for all s ∈ (1, p). Thus, P is
bounded on Lq for all q ∈ (p′, 2). Since η ∈ Lq for all q ∈ (p′, 2), one obtains
that
ϕ = Pη ∈ Lq, ∀q ∈ (p′, 2).
Thus, ω ∈ Lq, for all q ∈ (p′, 2). This shows that (Kerq) holds for all q ∈
(p′, 2).

We now further investigate the validity of assumption (Kerq) for the
Hodge Laplacian on 1-forms. We start by recalling a result which follows
directly from the proof of [15, Lemma 3.4], even if it was not stated explicitly
there:
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Lemma 4.3. Let M be a complete Riemannian manifold satisfying the
Poincare´ inequalities (P ), and whose volume growth is Euclidean at infinity:
there exists n > 2 such that
V (x, t) ≃ tn, ∀x ∈M, ∀t ≥ 1.
Let p be a point in M , and let u be a smooth function on M such that du
is in L2. Then, there exist two constants c ∈ R, C > 0, such that, for every
r ≥ 1, ∫
B(p,r)
|u− c|2 ≤ Cr2.
As a consequence of Lemma 4.3, one obtains the following result:
Lemma 4.4. Let M be a complete Riemannian manifold satisfying the
Poincare´ inequalities (P ), the Sobolev inequality of exponent n > 2, and
whose volume growth is Euclidean at infinity: there exists a constant C > 0
such that
C−1tn ≤ V (x, t) ≤ Ctn, ∀x ∈M, ∀t ≥ 1.
Let u be a function on M which is harmonic outside a compact set and such
that du is in L2. Let r(x) denotes the distance in M to a reference point p.
Then, there exists a constant c ∈ R such that, as x→∞,
u(x)− c = O(r(x)2−n).
Proof. Denote by K a compact set such that ∆u = 0 outside of K. One
first claims that there exists c ∈ R such that
lim
x→∞u(x) = c.
The Sobolev inequality together with the Euclidean volume growth allows
one to get the mean value inequality for subharmonic functions by the Moser
iteration scheme. This implies that, for every δ < 1, and for every ball B of
radius r(B) ≥ 1, disjoint from K,
sup
x∈δB
|u(x)− c| . 1
r(B)n
∫
B
|u− c|2.
Assume that K is contained in B(x0, R) for some R > 0, and denote r(x) =
d(x, x0). For x ∈ M \ B(x0, 2R), applying the above inequality to B =
B(x, r(x)2 ), on which u is harmonic, one obtains that
|u(x)− c|2 . 1
r(x)n
∫
B(x0,r(x))
|u− c|2 . r(x)2−n,
where in the last inequality we have used Lemma 4.3. Since n > 2, this
implies that
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lim
x→∞u(x) = c.
Now, up to substracting a constant to u, one can assume that c = 0. Let
g(x) =
∫
M
G(x, y)∆u(y) dy =
∫
B(x0,R)
G(x, y)∆u(y) dy.
Since the Sobolev inequality implies that
G(x, y) . r(x)2−n, ∀y ∈ B(x0, R),
in order to conclude the proof, it is enough to see that
g ≡ f.
But v := g − f is harmonic on M , and
lim
x→∞ v(x) = 0,
which implies by the maximum principle that v ≡ 0. Hence, the lemma is
proved.

We can now analyze more precisely the behaviour of harmonic 1-forms at
infinity:
Proposition 4.5. Assume that M is a complete Riemannian manifold on
which the Poincare´ inequalities (P ) hold, as well as the Sobolev inequality
of exponent n, and whose volume growth is Euclidean at infinity:
V (x, t) ≃ tn, ∀x ∈M, ∀t ≥ 1.
Assume also that the natural map
H1c (M)→ H1(2)(M)
is an surjective. Then, every harmonic 1-form ω on M writes
ω = ϕ+ df,
with
(i) ϕ ∈ C∞0 (Λ1T ∗M), dϕ = 0.
(ii) ∆f = 0 outside a compact set.
(iii) f(x) = O(r(x)2−n) as x→∞, where r(x) = d(x, x0) for some fixed
x0 ∈M . In particular,
lim
x→∞ f(x) = 0.
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(iv) Let x0 ∈ M be fixed. For R ≫ 1, the flux of f through ∂B(x0, R)
vanishes, i.e.
∫
∂B(x0,R)
∂f
∂ν
= 0.
Proof. Let ω ∈ H 1(M). By elliptic regularity, ω is smooth. The assumption
on the cohomology implies that there is ϕ ∈ C∞0 (Λ1T ∗M) and η ∈ dC∞0
L2
such that
ω = ϕ+ η.
In particular, η is smooth, and since the class of η is zero in L2 reduced
cohomology, [14, Lemma 1.11] implies that there exists a smooth function
f on M , such that
η = df.
Since dω = 0 and dη = 0 (weakly), one has dϕ = 0. Also, since d∗ω = 0,
one has d∗df = ∆f = 0 outside the (compact) support of ϕ. This proves (i)
and (ii), up to adding a constant to f . The claim (iii) follows directly from
(ii) and Lemma 4.4.
We finally prove (iv). First, by Green’s formula,
∫
B(x0,R)
∆f =
∫
∂B(x0,R)
∂f
∂ν
.
Now, since d∗ω = 0 and ω = ϕ+ df , one has
∆f = −d∗ϕ.
We take R > 0 large enough so that the support of ϕ is included in B(x0, R).
Let X be the vector field defined by X = ϕ♭, then −d∗ϕ = divX, and Stokes
theorem implies that
∫
∂B(x0,R)
∂f
∂ν = −
∫
B(x0,R)
d∗ϕ
=
∫
B(x0,R)
divX
=
∫
∂B(x0,R)
〈X, ν〉
= 0,
since X vanishes identically on ∂B(x0, R). This proves (iv).

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5. Manifolds that are conical at infinity
In this section, we analyze the asymptotic behaviour of certain harmonic
functions on manifolds that have a special cone structure at infinity. We
first have the following result concerning the L2-cohomology:
Theorem 5.1. Let M ≃∞ C(X) be an n-dimensional conical manifold at
infinity. Assume that n > 4 and that Ric(X) ≥ (n− 2)g¯. Then, the natural
map H1c (M)→ H1(2)(M) is an isomorphism.
Remark 5.2. In the case M is (locally) Euclidean at infinity, i.e. X is (a
quotient of) Rn, the result of Theorem 5.1 follows from the proof of [11,
Proposition 4.3] (see also [12]), without the assumption that n > 4. Our
proof, which is inspired by -and uses results of- [17], is different, although
the result is most probably already known to experts.
We start with the following lemma:
Lemma 5.3. Let p be the vertex of the cone C(X). Let u be a harmonic
function on C(X) \B(p, 1), with du ∈ L2. If ∂u∂r
∣∣∣
r=1
= 0, then u is constant.
Proof. We work in spherical coordinates (r, x), r > 0, x ∈ X on C(X).
Denote by {λk}k∈N the spectrum of the Laplacian on (X, g¯), and by {ϕk}k∈N
an associated complete orthonormal family of eigenfunctions. So,
∆Xϕk = λkϕk.
One has λ0 = 0 and ϕ0 = const. One writes a Fourier-type expansion for
the function u in x:
u(r, x) =
∞∑
k=0
ak(r)ϕk(x),
and for every r ∈ (0,∞),
∫
Sn−1
|u(r, x)|2 dx =
∞∑
k=0
|ak(r)|2 < +∞.
By Lemma 4.4, one can assume that
lim
r→∞u(r, x) = 0,
uniformly in x ∈ X, which implies that
lim
r→∞
∫
X
|u(r, x)|2 dx = lim
r→∞
∞∑
k=0
|ak(r)|2 = 0. (5.1)
The harmonicity of u outside a compact set is equivalent to the fact that
the function ak is solution of the following ODE for r ≥ 1:
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(
− d
2
dr2
− n− 1
r
d
dr
+
λk
r2
)
a = 0.
This is an Euler equation, and a basis of solutions is given by the functions
rα
±
k , with
α±k = −
n− 2
2
±
√(
n− 2
2
)2
+ λk.
So, for all k ≥ 1,
ak(r) = µkr
α+k + γkr
α−k
and
a0(r) = µ0 + γ0r
−n+2.
Note that for k ≥ 1, α+k > 0 and α−k < 0, so (5.1) implies that µk = 0 for
all k ≥ 0. Therefore, for all x ∈ X and r ≥ 1,
u(r, x) =
∞∑
k=0
γkr
α−k ϕk(x).
Then,
0 =
∂u
∂r
∣∣∣
r=1
=
∑
k≥0
α−k γkϕk(x), ∀x ∈ X,
which implies by uniqueness of the coefficients in the Fourier-type decom-
position that γk = 0 for all k ≥ 0, i.e. u ≡ 0.

Proof of Theorem 5.1:
Let U ⊂M and V1 ⊂ C(X1), . . . , Vk ⊂ C(Xk) be open sets such thatM \U
is isometric to ⊔ki=1C(Xi) \ Vi. Without loss of generality, we will assume
that V = B(p, 1), where p is the vertex of the cone. We first show that the
L2 reduced cohomology in degree one of the manifold with boundaryM \U
is trivial. It is well-known (see [16]) that
Hk(2)(M \ U) ≃ H kabs(M \ U),
where H kabs(M \ U) is the space of k-forms α that are L2 on M \ U , such
that dα = 0, d∗α = 0, and if ν denotes a unit normal to ∂U , such that for
all k = 0, 1, . . . , n,
intνα = 0.
We claim that for a conical manifold C(X),
H
1
abs(C(X) \B(p, 1)) = {0}. (5.2)
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Let α belongs to H 1abs(C(X)\B(p, 1)). The manifold X being a deformation
retract of C(X) \ B(p, 1), the (unreduced) De Rham cohomologies of X
and of C(X) \ B(p, 1) are equal. By assumption, the Ricci curvature on X
is positive, hence the well-known Bochner method (see e.g. [5, Theorem
6.56]) implies that H 1(X) = {0}. By the Hodge theorem, this implies that
H1(X,R) = {0}. i.e. every closed form on C(X)\B(p, 1) is exact: therefore,
there exists β ∈ C∞(C(X) \B(p, 1)) such that
α = dβ.
Since dα = d∗α = 0, the function β must be harmonic on C(X) \ B(p, 1).
Furthermore, intνα = 0 is equivalent to
∂β
∂r
∣∣∣
r=R
= 0.
Taking into account that α = dβ is L2, we get by Lemma (5.3) that β has
to be constant, and thus α ≡ 0. Clearly, (5.2) implies that
H
1
abs(M \ U) = {0}.
Therefore,
H1(2)(M \ U) = {0}.
Let us now complete the proof of the theorem. First, a direct computation
shows that the assumption on the Ricci curvature of X implies that M has
non-negative Ricci curvature outside U . Furthermore, as indicated previ-
ously, the Sobolev inequality of dimension n > 4 holds. According to [17,
The´ore`me 3.1], there is a long exact sequence
· · · → Hk(U, ∂U)→ Hk(2)(M)→ Hk(2)(M \ U)→ Hk+1(U, ∂U)→ · · ·
and since H1(2)(M \ U) = {0}, the map
H1(U, ∂U)→ H1(2)(M)
is surjective. But according to the Excision Lemma (see [37]), the rela-
tive cohomology of (U, ∂U) is isomorphic to the cohomology with compact
support of the interior of U . Hence, the natural map
H1c (M)→ H1(2)(M)
is surjective. The injectivity follows, for example, from [17, The´ore`me 3.3].

Lemma 5.4. Let n ≥ 2, and X be a compact manifold of dimension n− 1.
Denote by p the vertex of the cone C(X). Let λ1 = λ1(X) > 0 the first
non-zero eigenvalue of the Laplacian on X, and let
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q∗ =
n
n
2 +
√(
n−2
2
)2
+ λ1
.
Let f be a smooth function on C(X) such that f is harmonic outside a
compact set K, df ∈ L2. Assume that
lim
r→∞ f(r, x) = 0,
uniformly in x ∈ X, and that, for some r > 0 such that K ⊂ B(p, r),∫
∂B(p,r)
∂f
∂ν
= 0.
Then, df ∈ Lq, for every q ∈ [1, 2] such that q > q∗.
Proof. The Laplacian on C(X) writes
∆ = − ∂
2
∂r2
− n− 1
r
∂
∂r
+
1
r2
∆X .
Denote by {λk}k∈N the spectrum of the Laplacian on X, and denote by
{ϕk}k∈N an associated complete orthonormal family of eigenfunctions. So,
∆Xϕk = λkϕk.
One has λ0 = 0 and ϕ0 = const. One writes a Fourier-type expansion for
the function f in x:
f(r, x) =
∞∑
k=0
ak(r)ϕk(x),
and for every r ∈ (0,∞),
∫
X
|f(r, x)|2 dx =
∞∑
k=0
|ak(r)|2 < +∞.
The harmonicity of f outside a compact set is equivalent to the fact that
the function ak is solution of the following ODE for r big enough:(
− d
2
dr2
− n− 1
r
d
dr
+
λk
r2
)
a = 0.
This is an Euler equation, and a basis of solutions is given by the functions
rα
±
k , with
α±k = −
n− 2
2
±
√(
n− 2
2
)2
+ λk.
Note that for k ≥ 1, α+k > 0 and α−k < 0. Let us now look at
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df =
∂f
∂r
dr + dxf.
Since, for k 6= l, ∫
X(∇ϕk,∇ϕl) =
∫
X ϕk∆Xϕl
= λk
∫
X ϕkϕl
= 0,
and since (dr, dxϕk) = 0 for all k, one has∫
X |df |2 dx =
∑∞
k=0
∫
X |∂ak∂r ϕkdr + akdxϕk|2
=
∑∞
k=0
∫
X |∂ak∂r ϕk|2 + |akdxϕk|2
=
∑∞
k=1
(
∂ak
∂r
)2
+ r−2λk|ak|2.
Since df ∈ L2, one must have
||akdxϕk||22 <∞.
One has
||akdxϕk||22 =
∫∞
0 a
2
k(r)
(∫
X r
−2||dxϕk||2X
)
rn−1dr
=
∫∞
0 a
2
k(r)r
n−3 dr.
But
ak(r) = µkr
α+k + γkr
α−k
with α+k > 0 and α
−
k < 0 for k ≥ 1. Since n ≥ 2, in order that the above
integral be finite, one must have µk = 0 for all k ≥!, i.e. ak(r) is proportional
to rα
−
k . For k = 0, one has α+0 = 0 and α
−
0 = −n+ 2. Since ϕ0 is constant,
the fact that ||akdxϕk||22 <∞ does not bring any restriction on a0. However,∫
X
|f(r, x)|2dx =
∞∑
k=0
|ak(r)|2,
and one sees that if a0(r) = µ0 + γ0r
−n+2, then as r →∞,
µ0 .
∫
X
|f(r, x)|2dx.
By assumption,
lim
r→∞
∫
X
|f(r, x)|2dx = 0,
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therefore µ0 = 0, and
a0(r) = γ0r
−n+2.
Also, since for all k ≥ 1,∫
X
ϕk = const.
∫
X
ϕkϕ0 = 0,
one has ∫
∂B(p,r)
∂f
∂ν =
∑∞
k=0 a
′
k(r)r
n−1 ∫
X ϕk
= a′0(r)r
n−1 ∫
X ϕ0
= a′0(r)r
n−1Vol(X).
One concludes that since f has zero flux on ∂B(p, r),
γ0 = 0,
hence
a0 ≡ 0.
Therefore,
∫
X
|f(r, x)|2 dx =
∞∑
k=1
|γk|2r2α
−
k ,
and since
∞∑
k=1
|γk|2 < +∞
(by letting r = 1 in the above formula), one sees that, as r →∞,∫
X
|f(r, x)|2 dx . |γ1|2r2α
−
1 .
Taking into account that
∂ak
∂r
=
1
r
ak(r),
we also obtain that
∫
X
|df |2 dx = r−2
∞∑
k=1
|γk|2r2α
−
k (1 + λk).
Since the sum must converge for, say, r = 1, one has∫
X
|df |2 dx . |γ1|2λ1r2α
−
1 −2.
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Now, by Ho¨lder, for q < 2,
||df ||qq ≤ C +
∫∞
1
(∫
X |df |q dx
)
rn−1dr
≤ C +Vol(X)1− q2 ∫∞1 (∫X |df |2 dx)q/2 rn−1dr
≤ C + C ∫∞1 rq(α−1 −1)+n−1 dr
This is finite if and only if q(α−1 − 1) + n < 0, which is easily seen to be
equivalent to q > q∗. This concludes the proof.

Proof of Theorem 1.23: Since M has non-negative Ricci curvature outside a
compact set, the condition (K) is satisfied. Assume that M ≃∞ C(X) with
X = Sn−1 (resp. X 6= Sn−1); according to Theorem 1.11 and Corollary 1.9,
it is enough to prove that (Kerq) for L = ~∆, the Hodge Laplacian on 1-
forms, holds for all q ∈ (1, 2) (resp. for q = 1). By Theorem 5.1, M satisfies
the assumption of Proposition 4.5. Let λ1 = λ1(X) be the first eigenvalue
of the scalar Laplacian on X. According to Proposition 4.5 and Lemma 5.4,
(Kerq) holds for every q ≥ 1 such that
q > q∗ =
n
n
2 +
√(
n−2
2
)2
+ λ1
.
According to the Lichnerowicz-Obata theorem (see e.g. [36]), the fact that
RicX ≥ (n− 2)g¯ implies that
λ1(X) ≥ λ1(Sn−1) = n− 1,
with equality if and only if X is isometric to the Euclidean unit sphere Sn−1.
A straightforward computation shows that if λ1(X) ≥ n− 1, then
q∗ ≤ 1,
with equality if and only if λ1(X) = n − 1. Thus, if X = Sn−1 (resp., X
is not isometric to Sn−1) then (Kerq) for L = ~∆, the Hodge Laplacian on
1-forms, holds for all q ∈ (1, 2) (resp. for q = 1). This concludes the proof.

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